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ABSTRACT * / 

• The purpose of this study was £o describe and compare 
kindergarten and first-grade children's' performance on addition and 
subtraction problems presented in two contexts: verbal (in which % 
problem data were linked to physical referents such as objects or 
people and their actions), and abstract (in which no such links to 
physical situations occurred). Fifty kindergarteners and 54 
first-graders were individually interviewed in mid-year to observe 
the ir x solution strategies and errors on 12 .abstract and 12 verbal 
addition and subtraction problems: The kihdegarten problems contained 
sums and minuends less than 10. For first-graders, the sums and 
minuends ranged from' 6 through 15. All problems were based on the 
open sentences a+b-?, a-b-?, and a+?-c. Upon completion of the 
problems, subjects in each grade were clustered according to the 
solution strategies they employed and according to the types of 
problems they could solve. Results indicated that verbal and abstract 
problems were of equal difficulty for subjects in both grades. 
Although kindergarteners used essentially the same strategies to 
solve verbal and abstract problems, first-graders exhibited less 
frequent use of concrete representation strategies, on abstract than 
on verbal problems. Subjects in the two grades committed essentially 
the same types of errors, although the frequency of occurrence of 
most errors, was lower at the first-grade level. At both gi*ade levels 
a variety of individual differences were evident in the types of 
strategies subjects used and the types of problems they could solve. 
(Author/MP) 
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abstract 

„ 'kindergarten and first-grade children's strategies 4 

for 'Solving-' addition and subtraction problems in *• »%/ 
abstract and verbal problem contexts 

Glendon Wilbur Blume . . 

Under the superyisibn of Professor J. i*teOt Weaver 

t 

t \ 

The purpose of this study .was to describe and 

compar-e kindergarten and first-grade children's 
performance on' addition* and subtraction problems 
presented in verbal (word) problem and abstract contexts. 
Fifty/ kindergartnefS*ifind fifty-four f ^rst-graders were 
individually interviewed in mid-year to observe their 
solution strategies and errors on twelve abstract afid 
twelve verbal addition and subtraqtion problems. 

The kindetfgarteiy problems contained sums and . , 

minuends less than ten, and for first-graders, sums and 
minuends ranged from six through fifteen. All problems 
were based on the open sentences a+b=_, a-b=_, -and a+^=c. 
The verbal problems included action (Join) and static 

(Combine) addition, and action (Separate and, Join/Change 

■ ' ' / 

Unknown) subtraction problems. Subtraction prob Terns 

included both small and large differences (e.g., 11-8= 

and 11-3= ). "Sfre abstract problems paralleled the 
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verbal problems and were presented in written numbe'r 
sentence mode to first-graders and oral mode "(e.g*, "Two 

\ A 

and three aj^e how many?"r^to^ kindergartners. All 
kindergarten subjects and half of the first-grade ^ 
subjects had manipulatives available throughout the 

V * » 

Interviews. *■ . f v * 

At^both gxade levels there were no significant 
differences in the difficulty of verbal and abstract 
problems. However, subjects used strategies involving 
concrete representation (with manipulatives or fingers) 
less with abstract than verbal problems .and guessing 
occurred more frequently on the abstract problems. At 
both grade levels and "for problems in both contexts, the 
subjects 1 strategies mirrored the structure of the 
problems. >The errors exhibited a£ the tw.o grade levels 
were similar, but first-grade subjects experienced fewer 
difficulties in modeling the relationship or action in 
the problems. 

Subjects in each grade were clustered according to 
the solution strategies they^ employed ayd according to 
the types of problems they cotild sblve. The clusterings 
indicated that subjects who were homogeneous in terms of 
the types of ptobletfns t«hey could solve were heterogeneous 
in terms of the solution strategies they employed. 

1 v- 1 . , 
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The study indicates that abstract and verbal 
addition aiid subtraction problems arev of. equal difficulty 
for children at the kindergarten and first-grade levels. 
T^s ^suggests that verbal probl'ems are a potential 
vehicle for, initial instruction on the operations of 
addition and subtraction. 
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Chapter I 
STATEMENT OF THE- PROBLEM 
A* substantial portion of children's early elementary 

\ 

» * *T 

mathematics instruction focuses on the operations of 

addition and subtraction. The considerable instructional 

emphasis accorded to these - operations is warranted by 

their mathematical importance. Simple addition and 

subtraction are encountered often in people's day-to-day^ 

activities. Computational skills with addition and 

subtraction are universally accepted as "basic skills" 

and invariably appear in lists of minimal competencies. 

In addition to their importance in everyday life, the 

operations of addition and 'subtraction are ubiquitous in 

all levels of mathematics and are often referred to as 

two of the "four fundamental operations." Thus, 
J 

curriculum developers and teachers justifiably devote 
considerable attention to addition and subtraction in 
elementary school mathematics. 

Woody (1931) and Ginsburg (1977a) contend that prior 
to formal Schooling, children possess important concepts 
and skills concerning mathematics. In particular, within 
their natural environment, children develop informal ways 
of dealing with addition and subtraction. When designing 
effective instruction and appropriate instructional 
materials, it is necessary to take into account the 



informal strategies, procedures, or skills children bring 

to the instructional process. During the course of 

« 

instruction, knowledge about children's ability to create 
physical models for addition and subtraction problems and 
information about their strategies and errors can help 
teachers to guide children toward more abstract and 
efficient strategies, Aftefr initial instruction has 
occurred, the types of strategies a child use? and the 
flexibility with which they are used can provide 
information about the child's general conceptual models 
of addition and subtraction,. Hence, it is important for 
teachers and curriculum developers to have access to 
information about how studentfc solve addition and 
subtraction problems before, during, and after initial 
instruction <4n these topics. 

Instruction related to thi£ operations of addition 
and subtraction can occur in a variety of contexts. The 
problems used can be/vs,rk*al*<"word" or "story") problems, 
i.e., ones in which th^ problem is written in prose and 
ttjpe problem data are embedded in a physical" situation, 
"Fragk had three stamps; His mother gave him 6 more 
stamps. How many stamps did Frank have altogether?" is 
an example of a verbal problem. Instruction can also 
entail abstract problems in which the problem data are 
presented without being related to any physical 

• * 

.16 



referents. "Six take away foufc is how many?" and 

"3+ -11" are examples of abstract problems. Problems 

presented in verbal' and' abstract contexts are <juite 
diTfekeht. Consequently, it is important for. teachers 
and curriculum 'developers to know how children differ in 
their approaches to addition, and subtraction in these 
contexts. Knowledge about these differences can'* 
contribute to decisions concerning, how the additiron- and 
subtraction operations are ^best* introduced in the school 
mathematics curriculum. 

The purpose of this study was to< describe and 
compare kindergarten and .first-grade children's 
performance on addition and subtraction fcasks presented 
in verbal and abstract contexts. The study /provided a 
•detailed fcross-sectional description of how children 
solve certain addition and subtraction problems. This 

description was done both for children who ha<i\ received 

* * * 

t \ 

no formal instruction* op addition and subtraction* and for 
children who had received initial instruction on these 
x operations. The study focused on the gLQQ&&Sea children 
use to solve addition and subtraction problems. i*e., 
their attempts to create models or representations of the 
lumbers and relationships or actions "described in thfe 
problems, and their solution strategies and errorfe. Such 



information on processes is necessary for understanding 
individual differences in the way children approach. such 
problems and for determining the implication^ of those " 
differences for instruction. 

Previous studies have investigated kindergartners 1 
and first-graders' performance on verbal and/or abstract 
addition' and subtraction problems, but the focus of mych 
of that research was on problem difficulty. Until 
Recently, most studies ^generated difficulty indices and , 
attempted to identify task and subject variables 

t 

influencing difficulty rather than attempting to examine 

children's problem solving processes. Recent research 

# 

has begun to focus more on the strategies children use to 
solve problems in either (verbal or abstract contexts. 
The present study was signed to compare children 1 s 
strategies for solving verbal laid abstract addition and 
subtraction 'problems. This comparison is important 
because different studies have generated competing 
hypotheses about how children solve problems in the two 
contexts. v 

Questions Addxfi&afid^to^tiifi-^&tydy 
\ The questions of interest in "the present study were 
concerned with kii^ergafrtners 1 and first-graders 9 ability 
to solve certain abstract and verbal addition and 
subtraction problem? and the processes they use f<>r 
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\ solving^thera. The main questions fell into^ three 

-categories: questions concerning differences in 
performance on aby£?act and verbal problems, questions 

V dealing with differences between the strategies exhibited 

by children who have had no instruction on addition .and 
subtraction and -those of children^who have* experienced* j 
, initial instruction, and questions concerning individual J 
differences in young children's solution strategies and j 
ability to solve certain addition and subtraction 
problems. 

The first group of questions derived from concerns 



1 V 

about the most appropriate context in which to introduce 
the addition and subtraction operations in ^chool 
mathematics. A common assumption made by school \ 

I mathematics programs anS teachers is that verbal problems 
are difficult for children to solve and that children 
must master addition and subtraction facts ^efore they 
can solve verbal problems. Carpenter, Hiebert, and Mos,er 

# U981) and Carpenter and Moser (1981) provide data 

indicating that this assumption may be false^and argue 

i 

that verbal problems are a viable vehicle for. initial 
woi^K with addition' and subtraction. Documentation of 

'differences in children's ability to solve addition and 

i 

subtraction problems in the two contexts, verbal and 
abstract, is necessary for chbosing among alternative 



, ' 161 

approaches to initial iristruction on these operations. 
•Such choices also depend on differences in the processes 

• *^ • . V 

children use to solve verbal and\ abstract problems. 
The preceding considerations generated several 



questions. Are kindergarten and first-grade children * 
better able to solve verbal or abstract problems? Do 
^children 'use different strategies for^ solving problems in 
these two contexts? A reasonable hypothesis might be 
that cues from the physical situations make verbal 
problems easier for kinderga* tners to solve than abstract 
problems* Such differential difficulty might not be 
expected to occur with first-graders whose instruction on 
addition and subtraction has focused/primarily on 
abstract problems. The cues inherent in verbal problems 
might, however, lead to different strategies being used 
, f or verbal and abstract problems. This raised several 
further questions. Do the solution strategies used by 
kindergarten and first-grade children mirror the 
structure of the problem to the same extent on verbal as 
on abstract problems? Do children use different w 
strategies on verbal or abstract problems containing 
sma^iynumbers from those they use on problems in which 
the numbers are larger? The pre genfc study provided data 
f pertinenKto the preceding questions with\he intent of 
presenting a detailed comparison of children 1 s strategies 
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for solving and ability to solve problems in two contexts 
which can be- included in initial instruction relating to 

the operations of addition and subtraction. 

* - 
Other questions of interest dealt with differences 

between the solution processes used by kindergartners and 

first-graders, i.e. ,< children without formal instruction 

on addition arid subtraction and^ children who have 

experienced initial instruction. Do. kindergartners use a 

variety of procedures for solving verbal addition and 

subtraction problems? Do these solution strategies vary 

depending op the type of problem, as was the case with * 

first-graders in Carpenter and Moser (1981)? It was 

hypothesized that kindergartners would use strategies 

which .mirrored the contept and 'Structure of the problems 

but thaf their strategies would be less, abstract than 

those used by first-graders." A related question is 

whetheryJr not first-graders use solution strategies more 

interchangeably than kindergartners, i.e., whptfieif Ifirst- 

^rade'rs use a variety of strategies on a givfen type of 

addition <or subtraction problem, ^tie present study 

* • * 

addressed the preceding questions by providing cr^sfi- 
sectionfil data on solution strategies; similar data on 
•children's errors were pertinent to questions concerning 
the mistakes and misconception^ exhibited 'by children at 
these grade levels. In particular, are kindergartners 1 



[8] 



errors both qualitatively and quantitatively different 

from those of f irstrgraders? Do kindergartners 

> « • 

misinterpret addition and subtraction problems and use 
the wrong operation in their solutions or are their 
errors predominantly procedural errors such as/ 
discounting? By addressing the preceding questions the 
present study was able to compare a Variety of aspects of 
the processes used by children with no fotmal instruction 
on addition and subtraction "to those of children who had 
received instruction, thereon. 

A third group of questions was concerned with 
individual rather than group differences in children 9 s 
approaches to addition and subtraction problems. To what 
extent do^children differ in their capabilities for 
solving abstract and verbal— addition and subtraction 
problems? Can individuals be clustered meaningfully 

- according to the types of solution strategies they use on 
addition and subtraction problems? Such a description of 

s individual differences is useful both for instructional 
design and for classroom diagnosis. The design of 
initial instruction on the operations- of addition and 
subtraction caij be guided by information about the 
variety and frequency of solution strategies used by 
kindergartners and first-graders, and knowledge of the 
types of errors exhibited by individuals can provide a 



basis for diagnosis of the misconceptions held by young 
children. 

The discussion which follows briefly describes the 
procedures . chosen to address the questions presented in 
the preceding section. A detailed description of 
empirical procedures is given in Chapter III. 
ICflfiJtfi-IZsed. in the study 
• • • * The items used in the study consisted of a variety 
of simple addition and subtraction problems. These 
problems were presented in two contexts: verbal problems 
in which problem data were linked to physical referents 
such as objects or people and their actions, and abstract • 
problems in which no such links .to physical situations 
occurred; The abstract addition problems were of 'the 
form a+b-_ and were presented orally to kindergartners 
and in written number sentence format to the' first- 
graders. The verbal \addition problems involved either 
action or static relationships. "Bill had three books. 
His friend gave him eight more. books. How many books did 
-Bill have altogether?" is an example of an action * 
problem, and "Jane has^four red books. Shi also has 
seven green books. How many books does Jane have 
altogether?- is a problem involving a static relationship 
of parts 40 a whole. # 



1101 

The two, types of abstract Ui^traction problems used 

were Y^/ied on a-b« and a+ «<|t Verbal subtraction 

problems paralleled the abstract ones* and involved 
action, as in "Bill had eight books. He gave six of them 
to Martha, flow many books did Bill have* left?" or "Bill 
has two books. How many books does he have to put with 
them so he has eight books altogether?" 

Twelve abstract and twelve verbal problems were 
separately administered to each subject in two individual 
interviews. Manipulative objects (cubes) were available 
to all kindergartners and half of the first-graders 
throughout * the interviews'. During £he interviews the 
subjects solved" thffe problems without assistance from the 
interviewer and were' often asked to give retrospective 
accounts of their procedures upon 4 completion of a 
problem. When necessary, additional probing questions 
were asked of the child to ^arify solution processes/ 
that .appeared ambiguous. 

Although the present study gathered data on correct 
>sponses, its primary focus- was on process-related 
aspects of children's solutions. Attempts to 'construct 
physical models of the problem data, solution strategies, 
m and errors were observed and coded by the interviewer. A 

' " written record was also made of anecdotal data that were 

• • ^ • 
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considered pertinent. to accurate characterization of 
individuals 1 solution processes. 

Scope at the study 

The intent of this section is to place the study, 
within the context of mathematics education research in 
general _aad^res"earch on addition and subtraction in 
particular. This section will delimit the study in terms 
of its purpose and implications. \ 

Romberg and DeVault (1967) identified components of 
the mathematics curriculum which. serve as an 
.organizational framework for research. The present study 
addressed two of these components — mathematics programs 
and thq learner. It identified individual differences 
among learners 1 solutibft processes and their ability to 
solve addition and subtraction problems with the intent 
of contributing to the specification of appropriate 
content in that portion of the mathematics curriculum 
concerned with initial problem solving experiences in 
addition and subtraction. 

Within mathematics education research a variety of 
research strategies can be employed. Romberg (1970) 
distinguished two types of research, evaluative and 
elemental research. The present, study lis classified as 
that type of elemental research in which the source of 
the questions is practice-based rather than theory-based. 

9 
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,One type jof practice-based elemental research * is 
relational research such as status studies, survey 
research, and Correlational research; The present ' 
investigation was a status study, the intent of which was 
tor^descri^e the existing relationship of certain 
variables (probleht presentation context, problefll 
structure, number size, and grade level) to children's 
solution processes for addition and subtraction problems. 

» The scope the present ' study can be delimited in 
several ways. As a status study the investigation was 

concerned with assessing solution processes used by 

* 

children at two levels, kindergarteners prior to 
instruction on the operations of addition and subtraction 
and f irst-tffaders after initial instruction. It was not 
'concerned with testing the effects of alternative 
instructional programs; Although learning may have 
occurred during the interviews, an attempt was made to 
avoid any direct instruction during the interviewer/child 
interaction. Consequently, the study was not an 
instructional study focusing on intervention. The study 
incorporated tasks ift both verbal and abstract contexts 
bult problems in the two contexts were administered 
independently. Lt was not & study which attempted to 

investigate children's ability to represent verbal 

1 * 

problems with number sentences, nor did it attempt to 
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. determine prerequisite relationships among the ability to 

solve verbal problems and the ability to construct a 'i 

concrete model or write a number sentence to represent a f 

verbal 'problem. 

* * * 

The preceding delimitations served to focus the 

study on two of four potential areas of research on 

verbal and abstract addition and subtraction problems. 

One area involves the. relative difficulty of various 

verbal or abstract problems and includes studies 

investigating the influence of subject and task variables- 

v* bn, the difficulty .of abstract or verbal addition and 

subtraction problems. The second area involves the * 

processes children use to solve verbal or abstract 

r 

problemsarid is concerned with children 1 ssinternal 
representation of addition and subtraction problems. 
This area of research attempts to describe the 
development of children's general conceptual models fdr 
addition and subtraction. A third area focuses' on the 
logical relationship between abstract and verbal problems 
and the prerequisite relationships among the ability th 
solve ^jyerbal problem, the ability to write a number 
tence model., the verbal* problem,, and the ability to 
e the. number Sentence. The fou|^} area -deals with 
v instruction and encompasses ^research concerned with the s 
•** timing of the introduction of written symbolism -for 
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addition and subtraction and with methods of instruction 
•that incorporate varying emphases on verbal and abstract 
problems. Tfc> present study addressed the first and , 
second areas, comparing both difficulty and process- 
related aspects of performance on verbal and abstract 
addition and subtraction problems. 

By focusing primarily on children 1 ^ processes this 
study differed in emph&sis from much of the previous 
research on addition and subtraction. The focus of the 

present study is consistent with Lindvail and Ibarra's 

i / 

(1980) suggestion* for research aimed at ^ide^ntifying^ther 
general nature of the understanding of number sentences 
held by. those students who are successful in solving 
* them" and identifying "what it is that pupils do when_ 
they arrive at correct answers to open sentei^es" (p. 
60).. They*argue that studying the strategies children 
employ can b^ a useful first step t9 studying 
understanding of abstract addition and subtraction items. 
The purpose of the present study is also consistent with 
VergnaujJ's (197$) contention that, although it is 
^important to determine item dif f iculties, * one should also 
study the complexity of procedures or strategies-oiaed on 
verbal problems.* \ 

BflfciflH&lf Siqnijjica npp of the Study 
Since children enter school with some counting 
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skills already established and since early addition and 
subtraction strategies are often counting-based 
(Carpenter & Moser, 1981; Ginsburg & Russell, Note 1), it 
is logical to .investigate whether kindergartners can ^ 
solve addition and subtraction problems. The research 
reviewed in Chapter II provides data indicating that some 
kindergarten children possess limited aspects of such 
ability./ Although some information exists on 
xkinderga^rtners 1 performance on addition and subtraction^ 
extant(research provides no detailed description of the 
yCQ Ce BSeS "kindergartners use when attempting to solve "\ 
addition and subtraction problems indifferent contexts* 
Carpenter and Moser (1981) described strategies used by 
first-graders on selected addition and subtraction verbal 
problems. The first-grade verbal problem interviews in 
the present study in part replicate the Carpenter and 
Moser work and incorporate a more detailed analysis of 
errors. ~^ 

Comprehensive and systematic descriptions of 
children's modeling, strategies, and errors prior to 
formal instruction on addition and subtraction are 
necessary for one to describe individual differences in 
children's approaches to and ability to solve addition 
and subtraction problems. The diagnostic information 
resulting frpa^/focus on processes can provide 
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information concerning children's readiness fox later 
instruction on addition' and- subtraction. Detailed 
accounts of children's processes and errors yield 
information about the misconceptions^ tha^^cur prior to 
instruction and are helpful fo^both the design of 
initial instruction arid later work with children who 
continue to have' difficulty solving addition and 
subtraction problems. 

An emphasis on children's strategies also allows 
information to be gathered which documents children's 
early problem solving procedures. -The extent to which 
children "invent" strategies and their use of simple 
problem solving heuristics "potentially shed some light on 
later difficulties with' or capabilities for more complex/^ 
mathematical problem solving. 

No previous research has attempted to describe 
children-' s modeling procedures, strategies, and errors on - 
a range df abstract problems. The* present study serves 
to fill that void and t to extend the Carpenter and Moser 
p981) work with verbal problems by documenting processes 
used on correspohdihg abstract items. 

A major contribution of the present study is the 
comparison of children's performance on addition and 
subtraction problems in abstract a£d verbal Contexts. 
The extent to which children can solve either verbal or 
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abstract items and whether oflftiot competence on problems 
in one presentation context precedes competence with 
comparable problems in the o,ther context is important for 
cur riculum^ decisions concerning content sequencing, i.e., 
decisions about when and how to introduce the operations 
of addition and subtraction in the school mathematics 
curriculum. .Fcfr example, in* the absence of direct 
instruction thereon, if verbal problems were more 
difficult than abstract problems, one alternative would 
be to proceed by initially postponing instruction on 
verbal addition and subtraction problems. However, if 
verbal problem solving were itself deemed an important 
objective, one might nevertheless opt for instruction 

9 

that utilized both. contexts. Conversely, tf competence 
with verbal problems- appeared first/ one might build 
initial experiences with addition and subtraction around 
verbal problems* In order to promote ^the development of 
children's strategies for solving addition and 

•r 

subtraction problems it is necessary to determine the 
strategies children use on abstract and verbal .problems 
and to build upon children's naturally occurring or 
"invented" strategies. 

The cross-sectional nature of the present study 
provides data that compare performance in kin dts f airt n 
and grade one. Little is .known about the shift from less 
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to more abstract and efficient strategies across these 
two grade levels. The study, while not longitudinal in 

- design, compares the types of errors, the stratgies used, 
and attention to problem structure exhibited in 
kindergarten and grade one, and contributes^ to the 

'^^eneration of^hypotheses about the development of 
children r s addition and^ subtraction problem solving 
processes. 

The chapters that follow present a detailed 
description of the study. Chapter II reviews the related 
research which served as the background for the study. 
The specific questions addressed by the study and the 
empirical procedures chosen to gather data pertinent to 
f those questions are ^given in Chapter III. Chapter IV 
presents the results of the study and the final chapter 
includes interpretation and**4£scussion of the results. 
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Chapter II 
^ REVIEW OF RESEARCH 

'The present study was designed to describe and 

<pompare kindergarten and fifstrgrade children's solution 
processes for verbal and abstract addition and 
subtraction problems,. Existing literature related to the 
ptudy includes a considerable body of empirical research* 
on addition and subtraction as well as theoretical 

m 

analyses aimed at classifying addition and subtraction 
verbal problems. Since both the present investigation 
and previous research incorporated a variety of addition 
and subtraction problems, the initial section of this 
chapter reviews attempts to classify addition and 
subtraction problem types, it also provides a 
description of solution strategies for addition and 
subtraction problems that previous researchers have 
identif&d. 

The second section of the revie* of related 
literature focuses on research on the difficulty of 
addition ancl, subtraction problems and the solution 
processes used by children with three levels of 
instructional experience with addition and subtraction. 
Since the present study ueed kindergarten subjects who 
had received no foraaal instruction on addition and 
subtraction and first-grade subjects who had received 
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initial instruction on these operations, there are 
natural distinctions^roong related studies according to 
the instructional background of the subjects* These are: 
a) studies using subjects pricrr to their initial 
instruction on 'addition and subtraction (preschoolers, 
kindergartners-^Snd some first-graders), b) studies with 
first-graders who had received initial 9 instruction on 
these operations, and c) those studies that used older 
children* Furthermore, since problems in Verbal and 
abstract contexts were used in the present study, this 
distinction serves 08 an appropriate means for 
subdividing the sjbikHes within each of the preceding 
three levels* 

A majority of research on addition and subtraction 
• r 

has been conceded with determination of difficulty 
indices for various problem types and identification of 
task and sufiject^ variables that influence problem 
difficulty. Although the major purpose qf the present 
investigation was not the determination of item 
difficulties, studies that focused on certain aspects of 
item^4i<f iculty are pertinent to the present 
invest igatioju These studies influenced the choice of 
item types appropriate for use with subjects within each 
age level and they offered data on dne type of comparison 
of performance on verbal and abstract problems, i.e., 
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comparison of difficulty. 

A second focus of research on addition and ^ 

1 

subtraction has been on determining the solution 
processes children use when solving addition and 
subtraction problems, when interpreting research on the 
strategies children use to solve addition and subtraction 
problems it is necessary to keep in mind that this 
research has been derived from two very different 
paradigms. One approach is inferential in that it fits 
performance data to hypothesized behaviors or solution 
methods. The inferential paradigm includes the inference 
of strategies or solution methods from latency of .correct 
responses or from an^ analysis of errojrp . The other 
approach is direct and attempts to ascertain the 
strategies used by children through direct observation 
and questioning, within each of the three levels of 
subjects 1 instructional background, the> review that 
follows will synthesize results from studies derived from* 
each of these paradigms. 

The final section of the research review discusses 
studies related to procedural aspects of the present 
investigation. This section includes a review of studies 
pertinent to the choices made concerning the selection of 
interview tasks and the conditions of administration of 
the t«sks, e.g., the availability of manipulatives. it ^ 
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also presents background literature related to the 
individual interview procedure. 

ci?S«?if jgfltiQn of ftflfljfrion and Subtraction Problems 
Abstract addition and subtraction problems can be 
unambiguously classified into distinct problem types 
according to the form of the equation or open sentence. 
Specification of the operation and the position of the 
placeholder completely determines the problem type for 
simple abstract addition and subtraction problems. Six 
abstract problem types (and their symmetric forms) appear 

in the studies reviewed: a+b» , a+ »c, +b»c, a-b« — , 

a- «c, and -b«c. These problems can be classified 

either by the placeholder position and operation symbol 
in the problem or by the operation required for solution 
of the problem. Table 1 presents these two 
classifications. Rather than using a surface structure 
such as the operation symbol given in the problem, 
. Moseys (Note 2) criterion for classifying problems as 
addition or subtraction problems was adopted. It . 
consists of determining the operation which, when applied 
to the 4&o numbers given in the problem, produces the 
correct answer. According to this criterion only the 

first and last (a+b- and -b«c) of .the preceding six 

abstract problems are addition problems; the other four 
require subtraction. 
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Classifications of Abstract Problems 



Operation Symbol 
in the Problem 







+ . 






Third- 
position 


a+b« 

canonical 
addition 


V 1 \ t 

a-b« , 

canonical 

subtraction 


t 

Placeholder. 
Position 


Second- 
position 


a+ «c 

second- 
position 
missing 
addend 


a- =c 

missing 
subtrahend 


> 


First- 
position 


+b»c 

first-, 
position 
missing 
addend 


^=^v ; ■ 

_-b*c 

missing % 
minuend 



0^ 



Operation Required for 
Solution of the Problem * 



*- 

Addition 


Subtraction 


a+b« 


a-b« 


canonical 


canonical 


addition 


subtraction 


_-b«c 


a+ t , »c 


missing 


se co nd -po s i t i on 


minuend 


missing addend * 




a- -c 




missing subtrahend 




+b-c 




first-position 




riissing addend 



^lisJ^ssif ication used in the present study 
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Classification of verbal addition and subtraction 
problems is more complex. Van Engen (1949, 1955) , 
Reckzeh (1956), and Gibb (1956) discussed "additive" and 
"subtractive" situations and distinguished "take awa^ " 
"comparison," and "joining (additiye)" as three types of 
subtraction* Other authors, e.g., Steffe (1970), have 
classified addition situations into those involving a 
transformation of the given sets (action) and those 
without a transformation (static). 

Recently, comprehensive attempts have been made to 
specify distinctions between various types of verbal 
addition and subtraction problems. Five such attempts 

i 

can be identified: a) The semantic analysis of Greeno * 
and his colleagues (Greeno, 1980; Heller, Note 3; Riley & 
Greeno, Note 4); b) Noser's (Note 2) characterization of 
verbal problems in terms of entities, relationship or 
action s and characteristics of the question; c) 
Vergnaud'^s analysis of verbal problems which is based on 
the concepts of measure, time transformation, and static 
relationship (Vergnaud 6 Durand, 1976; Vergnaud, 1981) ; 
d) Kossov's classification of verbal problems into types 
of direct and indirect problems; and e) the linguistic 
analysis of verbal problems done by Mesher and her 
colleagues (Nesher, 1981; Nesher & Katriel, 1977, 1978; 
Nesher^* Teubal, 1975). 
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These five categorizations of verbal problems 
essentially agree on major classification variables but 
differ in the attention they pay to details and sub- 
categories \elated to each of these variaWSs^ Gr^eno f s 
(1980) Changer Combine, and Compare schemata are more 
general semantic structures that are subsumed by Mover's 

-XNofce~2^ Joining and Separating, Part-Part-Whole, and 
Comparison/Larger and Compar is on/ Smaller categories. 
Vergnaud's (1981) analysis of verbal % pr obi ems is similar 
to Moser's but it admits additional problem types by 
including transformations and stStic relationships (both 
positive and negative) as separate categories of 
entities. . Examples are "Bill wins 3 marbles. He plays 

'.•another game and loses 1 marble. Altogether how many 
marbles did he win or lose?" and "I owe Mary 7 marbles 
and she owes me 4 of them. Altogether how many are owed 
to whom?". Kossov's (1975) distinction of problems by 
the larger/ smaller dimension and by the type of 
corresponding open sentence (canonical or non-canonical) 
relates directly to Moser's. Nesher and Katriel (1978)^ 
further distinguished between action and static problems 
according to linguistic considerations such as sequential 
ordes of the text strings in comparison to the temporal 
order of the events described by those strings. - The 
analyses developed by these authors are similar enough so 
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that 



t 



their related empirical wojrk can be interpreted 



within the framework of a single classification of 



probl 



ems. 



Join, 
three 



Change, Combine, Compare, and Equalizing are four' 
classjes of simple addition and subtraction problems that 

from the preceding classifications* Change/Join 
and Change/Separate problems! involve a change (increase 
and decrease, respect ively)' in an initial quantit^rter 

For each of these, three types of problems result 
depending on which quantity is unknown; for example, 

« 

Join/Change Unknown, and Join/Start Unknown are 
distinct problem types. 
Combine and Compare problems involve static 
relationships between a set and its two, disjoint subsets 
and between two distinct, disjoint sets, respectively* 



Combine problems requira^f inding the union and 
Combine/Part Unknown problems involve finding one of , the 
subsets* There are six types of Compare problems 
depending on whether tlfe referent set, compared set or 
difference are unknown and whether the referent set is 
larger or smaller than the* compared set* 

In Equalize problems it is necessary to make one set 
equal to another* Thus, these problems involve 
comparison of two disjoint sets as well as the types of 
action found in Change problems* Three Equalize/ Join and 
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three Equalize/Separate problems can be generated by 



varymg^the unknown -quantity. These problems are less 
commpn th^i Change, Combine,^ and* Compare problems., 



Examples these and other verbal problems are given in 
Table ,2. ' K . - ... * * 

Ciasfilfififltign p£ Strategies ' 
A number of studies have discussed the. procedure^ 
children use to solve verbal addition and subtraction 
problems (for example, see Carpenter & Moser, 1981; Gibb 
1953; Hebbeler, 1977) as well as abstract problems (for 
-example, see Beaitie, 1979; Qroen &.Poll, 1973; 
McLaughlin, , 1935; Riess, 1943). These and other auttors 
have used numerous terms to describe children's IT 

* t 

strategies—recalling a known addition or subtraction 
fact, counting, using derived facts, pattial countirrg, 
guessing, 4 and counting-on. The ambiguity in many of the 
above #terms dictates th*t a standard terminology* be 
chosen to identify the strategies children use to solve 
addition and subtractipn problems. 

Several researchers have described children's 
strategies for solving addition and subtraction prdk^lems 
in'terms of an ordinal scale (6ibbT^1953; Moser, Note 5; 
Hatano, Note 6; Shchedrovitskii & Yakobson, 1975). The 
three levels, concrete representation, counting, 
and mental strategies, described by Shchedrovitskii 

r 
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Table 2v 
Selected Verbal Problem Types 



■\- 



Problem Type 



Example 




,£hft£9£ 
Join 



Join/Change 
Unknown 



Separate 



Kim has 3 cards. Bis father gives 
him 6 more cards. How many cards 
does Kim have altogether? 

Kim has 3 cards. Bom many more 
cards does he have to put with 
them so he has 9 cards al^gether? 

Lee had 7 toys. " She gave 3 toys 
to Fran. Bow many toys did Lee 
have left? 



Combine 



Leslie has 2 sugar donuts and 6 
plain donuts. Bow, many donuts . 
does she have altogether? 



Combine/Part Chris saw 6 animals. Four were 
Unknown tigers and the rest were elephants. 

Bow many elephants did she see? 



Compare ,joe has 3 fish. Mike has 9 more fish. 

than Joe. Bow may fish does Nike have? 

» • 

(There are five other types of Compare problems. ) 



Equalize There are 3 boys and U girls on 

the basketball team. Bow many more K 
boys have to be put on the team so x 
* there will be the same number of • 
boys and girls? 

(Therfeare five other types of Equalize problems.) 
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Yakobson, Moser, and Hatano are useful for delineating 
classes of strategies that represent qualitatively 
different approaches to solving problems. Concrete 
representati.on strategies are the least abstract and rely 
heavily on the use of physical objects. Counting 
strategies are somewhat more abstract in that they, 
involve the use of a sequence of counting wordsV«fther 
than the objects themselves, and mental strategies are 
the most abstract since they rely entirely on recalling 
addition or subtraction facts or mental manipulation of 
such number facts. Inappropriate strategies such as 
guessing or making no attempt to solve the problem , 
comprise the fourth and lowest level of strategies. 

In order to give examples of specific strategies 
that are typical of those in the preceding levels it is 
necessary to adopt standard terms to describe these* 
strategies. Carpenter and Moser (1981) present a 
detailed analy^s of the strategies children use to solve 
addition and subtraction problems. # Theirs is the most 
comprehensive such attempt,, and since it subsumes nearly 
all strategies identified by otn>c researchers, their * 
terminology will be used in the brief description of 
strategies which follows and in the more comprehensive 
definitions of strategy categories used in the present 
study that appear in Chapter HI. 
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Counting All, Separate From, Adding On, and Matching 
are some examples of strategies that concretely represent 
the problem* In each of these the child uses physical" 
objects such as manipulatives or, fingers tq construct 
sets which model the data and/or the relationship or 
action in the problem,, and then counts or subitisfes the 
resulting set to determine the answer. The Counting All 
strategy involves modeling the 1tk> sets or numbers given 
in the problem and counting the union set to find the 
answer. When solving subtraction problems children can 
use concrete representation in several ways* The 
Separate >tom strategy involves construction of one set 
of objects f tQm whicl) another^ set is removed, followed by 
counting of the**emaining set of objects* The Adding On 
.strategy is use^^hen thej^ild bbnstructs a set of 
objects representing the s^tf^hfnd, increments that set 
of objects until its numerosity" equals that of the 
minuend and then finds the answer by determining how many 
objects were added on. \z* Matching is another strategy 
children use to solve subtraction problems (Carpenter" and 
Moser, 1981); .This strategy is based on the attempt to . 
construct a one-to-onp correspondence between two 
collections of objects^ representing the numbers or sets 

two sets are matched one-to- 
ining unmatched objects 
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determines the child's answer. 

Children also use Trial and Error-to^srrtve addition 
-and subtraction problems. This concrete representation 
strategy was hot observed by Carpenter and Moser (1981) 

1 but has been documented in several other studies 
(Lindvall & Ibarra, Note 7; Rosenthal, 197^; Rosenthal & 
Resnick, 1974) • This strategy, most often occurs when the 

initial set is unknown, e.g., with +b«c or -b«c, or 

with a verbal problem such as "Billie had some toys. She 
gave 3 to Josie. Now fthe has 4 left.— How many toys did 
Billie have to begin with?*. Trial and Error *is 
evidenced when the child models one of the sets in> the 
problem with ah arbitrary set of objects, performs the 

' manipulations dictated by the remaining information in 
the problem, and then checks to see if the required final 
state exists. - If not, the initial arbitrary amount is 
incremented or decremented as appropriate, apd the 
process is repeated until a satisfactory final state is 
achiev.ed. The most recent initial amount then represents 
the answer. 

Children who do not physically model each of the 
numbers or sets in a problem often use forward or 
backward counting sequences to determine the solution. 
When using these, children begin the counting sequence at 
a number other than one, indicating a more abstract 
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analog of the physical incrementing or decrementing of an 
initial s^t of objebfcs^ A child can begin the counting 
sequence with either the first addend given in the 
problem or with the larger of the two addends. In either 
case the forward counting sequence begins, with one of the 
addends and continues for a number of counts equal to the 
other addend, ending at the sum of the two addends. 
Counting On From the Larger Addend represents a more 
efficient counting strategy since the minimum number of 

4 

count^^re needed to find the answer. 

Counting strategies £or subtraction problems can 
involve either forward or backward counting' sequences. > 
Two of the ways a child can solve a subtraction problem 
are by beginning the counting sequence from the minuend 
and counting backwards a number of counts equal to the 
subtrahend (Counting Down From) or by beginning the 
counting sequence from the' subtrahend and counting 
forward until the minuend is reached (Counting Dp From 
Given). In either case the chiJLd determines the answer 
by keeping track of the number of counting words uttered. 
^ The most abstract strategies children demonstrate 
are those involving mental manipulations of numbers 
rather than physical manipulations of objects or the use 
of counting sequences. Children often remember basic 
addition or subtraction facts and either use these 



46 



1331 

directly to solve the problem, ot indirectly use a known 
.fact to derive another needed, fact. For example, when 
using such a strategy a child might generate the solution 
to a problem which requires the sum 5+6 by reasoning 
"5+5-10 so 5+6 must be one more, or 11 

Performance Prior to Formal ins truction 

• A 

PfWhpPl Children's Performance^ 

The performance of preschoolers on addition and 
subtraction tasks provides a^descr iption of the 
capabilities of children at an age prior to that of the 
subjects used in the present study. This background is 
useful for viewing the development of quantitative 
skills, the ability to solve various types of^ addition 
and subtraction p£ofci*l^\and the evolution of children's 
strategies for solving thesV problems. 

"Pse-nume rical" tasks. One category of research at 
the preschool level involves "pre-numerical" addition and 
sqbtraction. This research views children's early 
notions of addition' and subtraction as "non-quantiitative" 
in that children focus on "more" or ?less" rather than 
"how' many." Pre-numerical or non-quantitative addition 
and subtraction tasks involve determination of whether or 
not two sets are equivalent, and if they are not, which 
set has "more." These tasks differ from addition aftd 
subtraction problems that require quantification, i.e., 
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tasks in which one must determine how many objects are in 
the resulting set after addition o& subtraction has been 
performed. Pre-numerical addition and subtraction tasks 
embody a unary conception of the operations of addition 
and subtraction (Weaver, 1981) in that they focus on the 
transformations which alter numerosity or the "physical, 
manipulations creating inequalities" (Brush, 1978, p. 
44). In Brush's stud^ tasks were presented concretely 
using sets of objects and did not require the subject to 
specify the numerosity ^of sets, but rather whether or not 
two sets were of equal numerosity after one 6r both were 
transformed by appending or removing objects. Brush's 
study indicated that most preschool children understapd^ 
that "adding to" and "taking away" alter the numerosity 
of a set of objects. 

Gelman and Gallistel (1978) also presented evidence 
that preschoolers treat addition and subtraction (in the 
sense of "adding on" or "taking away*) as number-relevant 
transformations. Starkey and Gelman (198!) described 
preschoolers' understanding of pre-numerical addition and 
subtraction as including four principles. Two of these 
are recognitidn that appending objects to 'or removing 
objects from a set increase or decrease numerosity, 
respectively. The other two principles related to 
addition and subtraction implicitly understood by 
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preschoolers are inversion and compensation. These 
involve the use of appending objects to reverse the . 
effect of removing objects (and vice versa) and 

y 

reinstatement of a numerical relationship between two 
sets following a transformation of one of them by 

« performing the identical transformation on the other. 

Num e ri ca l t&8k& . Ginsburg and Russell (Note 1, Note 
8), Hebbeler (1977), McLaughlin (1935), and Starkey and 
Gelman (1981) investigated preschoolers-' performance on 
numerical addition tasks (those requiring precise 
quantification). McLaughlin found that few 3-year-olds 
could determine the total number^f elements when two 
sets were combined but that many 4-year-olds were able to 
use counting to determine the total number of elements. 
The studies byi Ginsburg and Russsell, Hebbeler, and 
Starkey and Gelman indicated that when the experimenter 
used objects to model each set described' in the problem, 
preschoolers could correctly solve half to two-thirds of 
the problems, bupAat few children could solve addition 
problems when objects were not used or were screened 
after their initial presentation. The preceding studies 
identified guessing and counting (after problems had been 
concretely represented) as preschoolers dominant 

strategies, although number facts were recalled 

occasionally. 
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Groen and Resnick's (1977) study demonstrated that 
preschool children could be taught to solve abstract 
addition problems with sums less than^ten. Following 
extensive instruction and practice in using the Counting 
All strategy the criterion of perfect performance was 
reached. Latency analysis of subsequent responses 
suggested that several of the subjects spontaneously 
"invented" a counting-on strategy that was more efficient 
than the strategy they' had been taught. 

Summary Previous research on addition and 
subtraction with preschool subjects indicates that young 
children understand operations on sets, of objects which 
decrease numerosity and that if numerical addition and 
subtraction problems are presented concretely, i.e., the 
experimenter forms sets of objects representing one or 
both of the numbers in the problem, at least some 
preschool children can solve them. Little success has 
been reported on verbal problems presented in the absence 
of objects or' on abstract problems (McLaughlin, 1935). 
The strategies used by preschoolers are often 
inappropriate ones, although some children display an 
ability to use and even invent counting strategies, 
especially in the presence of objects. One can conclude 
that preschoolers have* a knowledge base which in some 
cases is adequate for addition and subtraction strategies 
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to develop prior to kindergarten entrance. 

Abstract pr oblems. Although a number of studies r 

have investigated kindergartners 1 performance on certain 

addition and yibtraction tasks, few have systematically 

documented their ability'to solve .abstract problems. 

Only one study (McLaughlin, • 1935) reported the difficulty 

of addition Jroblems for kindergartners. The 5-6 year- 

olds in her study correctly solved 38% of the abstract 

canonical (a+b« ) addition problems with sums less than 

10. Ilg and Ames (1951) reported the only data on 

strategies used by kindergartners on abstract addition 

and subtraction problems. They noted that addition 

strategies progress during this age range from Counting 

All, to Counting On Fronr the First Addend, to Counting On 

From the Larger Addend. Separating From and Counting 

^wn From were the principal subtraction strategies, 

although Ilg and Ames reported some. use of Derived Fact 

strategies involving addition facts (primarily doubles). 

Both of the preceding studies indicated that ££D£ 

kindergartners were able to solve addition and ' 

subtraction problems presented in the abstract context. 

Ilg and Ames 1 data indicated that counting strategies 

occurred both with and without objects present and that 

strategies similar to those observed in the studies with 

K 
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first-graders discussed subsequently also/tf£^e present ' 
among kindergartners. ^ ^ 

Verbal pr oblems . Results from Grunafu (1978) , Ibarra 
£nd Lindvall (Note 9), Riley^TJJate 10) , Schwartz (1969) , 
and Shores and Underhill (1976) indicate that many 
kindergartners are capable of solvihg addition and 
subtraction problems, but that certain item types are 
considerably more difficult than others. Across the 
preceding studies Combine, Join, and Separate problems 
were less difficult than Combine/Part Unknown, 
Join/Change Unkaown, and Compare problems. For ex^jnple, 
p-values for Join, Separate, and Combine problems were 
often in the .45 to .80 range, (whereas Join/Change 
Unknown, Compare, and Combine/Part Unknown problems often 
had difficulty indices In the .10 to .35 range. Another 
conclusion from the preceding studies is that problems 
without pictorial or manipulative aids generally had p- 
values .10 to .25 lower than tHose presented with aids. 

Three studies (Ginsburg & Russell, Note 1; Hatano, 
Note 6; Hebbeler, 1977) used verbal, addition and 
subtraction problems with kindergartners and, to some 
extent, gave attention to aspects of children's solution 
strategies. Hebbeler reported that kindergartners used 
appropriate strategies for^tjbe "overwhelming' majority" of 
the addition problems presented and that counting and use 
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of number facts accounted for approximately 70% and 10% 
of their strategies, respectively. Ginsburg and 
Russell's kindergarten subjects used appropriate 
strategies on over 70% of the 'Join items, with Counting 
All accounting for 55% of the strategies when no objects 
were present , and other appropriate stategies such as use 
of number facts or Counting On From the Larger Addend 
Accounting for wether 17%. Hatano found that Japanese 
kindergarten children seldom exhibited a^y observable 
sign of counting but employed a .type of Derived Fact 
strategy based .on the use of 5 as an intermediate unit. 
This strategy involved mental 'regrouping in which numbers 
greater than five were regrouped as 5+x, where x<5. For 
example, 7+7 is 14 because there are two 5 f s and two 2*s 
after regrouping. In each of these three studies at 

\ 

least some of the strategies used by older subjects were 
found in the kindergartner v s repertoire as well. 

One study, focused on the procedures kindergartners 
use to represent or model verbal addition and subtraction 
problems. Lindvall and Ibarra (Note 7) identified 

difficulties young children have in modeling the numbers 

t 

and relationships or actions in verbal addition and 
subtraction problems. They observed a trial ^and-error 
approach to modeling problem^ involving a missing addend, 
missing minuend, or missing subtrahend, as well as an 
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approach in which no attempt was made to model the 
unknown directly. Lindvall and Ibarra contended that 
kindergartners 1 main source of difficulty in modeling 
verbal problems was the identification of t^he^set 
representing the answer to th^Jrt&lem. They found that 
difficulties in "tagging" the sets used to model. the 
problem led^to errors such as responding with one of the 
numbers given in the problem. The problems on which 
Lindvall and Ibarra identified difficulties in modeling 
were some of the same problems that were the most 
difficult in other studies. 

Abstract and verbal problems. Only two studies have 
generated information pertinent to comparison of verbal 
and abstract problem performance at the kindergarten 
level. Each of these studies is severely limited. Woody 
(1931) reported 15-40% success rates for canonical 
abstract items with sums less than 10 and less than 15% 
on items with larger addends. He also reported 
administration of simple verbal problems, but no usable 
data are given for these items (Brownell, 1941).* 
Consequently, no comparison, even of success rates is 
possible. Williams (1965) presented verbal problems with 
sums less than six to entering kindergartners. One item, 

2+1* , was presented in both verbal and abstract ^ 

contexts, and performance was nearly identical (42% vs. 



ERLC 



V 



141] 

• * 

41% correct). Correct responses occurred on only 8% and 

19% of the verbal problems modeled by 3+ "5 and 5-3« — , 

and the abstract .item +2-4 was answered correctly only 

17% of the time. Neither of^these studies compared/ 4 



strategies used on verbal and abstract problems. 

Summary- Sevewi^general conclusions can be drawn 
from the preceding studies. Miapy kindergartners can 

• understand and solve some simple verbal and abstract • 
addi^on arid subtraction problems prior to formal 

v instruction on these topics. When problems are based on 

the^anonical sentences such as a+b» and a-b« r 

kindergartners can deal successfully with verbal and 
abstract "items with sums less than ten roughly 25-50% of 

* % the time, #o information is available as to the relative 

: frequency with which children of this age can solve (or 
apply appropriate strategies to) problem^^^ither^the 
Verbal or the abstract context but are nop able to do so 
in the other context. % -' / - 

The rate of success is higher when ^^ects are used 
and it is very high when the concretely presented verbal 
context (essentially enumeration) is used, ttttiie 7 
.attention was paid in previous research* to systematic 
an 91 /sis of mo<^Ling proce es and strategies .children 
use or tdf the effect of problem structure on choice of 
strategy. A majority of kindergartners appear "to use 

* 
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appropriate strategies on verbal problems, but little is 
known about their strategies fox; abstract items. No 
systematic comparison of kindergartners 1 strategies end 
errors on verbal and abstract problems has been done. 
* Entering Eix st-graders 1 E^iifliBflPfifi 

Several studies which focused on first-grade 
subjects 1 ability to solve addition and subtraction 
problems have used 'entering f irat-graders, for whom it 
can be assumed that no formal instruction on addition and 
subtraction had taken place. The results of these 

studies can be compared, more appropriately to those of 

♦ 

the kindergarten 'studies reviewed previously than to 
studies using first-graders wfco had received initial* 
instruction on addition and subtraction. 

The results of several studies discussed 
& subsequently and those from Carpenter and Moser's (IS 81) 
t ' interviews with entering fiirst-graders yield item 

difficulties comparable to those from studies which used 
kindergarten subjects. Buckingham and MacLatchy (1930) 
administerfcd ben Join problems with sums less tljan 10 to 
• entering ^irst-graders. Twenty to 70% success was 
achieved with addends of 1 or 2. Hendrickson (1979) 
reported approximately 25% success on Join and Separate 
problems when the subjects were direc£&d to model the 
first number in the problem prior to having the remaining 
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portion of the problem read to them. Grantjs (1938) 

0 

tasks were similar to those of Buckingham .and MacLatchy 
and also included Separate problems. His subjects' 
success rates ranged from 20-50%. Brovnell (1941) 
administered a limited set of abstract and ve rbal 1 
addition and subtraction problems with sums and minuends 
less than 6 to entering first-graders. Difficulty 

, indices ranged from .29 to .54 on abstract problems and 
.37 t<#.52 for the two verbal problems. 

Carpenter and Moser (1981) longitudinally documented 
problem difficulty and strategy use across grade one on 

•two verbal addition (Join and Combine) and four verbal 
subtraction problems (Separate, Compare, Join/Change 
Unknown and Combine/Part Unknown), each of which was 
unique in terms of problem structure. Entering first- 
graders correctly solved one-half to three-fourths of 



both addition problems when sums were less than 10 or 
when raanipulatives were available for problems with sums 
11 through 15. Performance dropped to approximately one- 
third correct when no manipulatives were available for 
problems with sums 11 throug^LS. These- subjects 
correctly solved only one-thii;d to one-half of the 
Separate, Compare, Combine/Part Unknown and Join/Change 
Unknown problems when minuends were less thaft 10 or when 
manipulatives were available for problems with minuends 
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from 11 through 15. In only one instance,, for Separate 
problems with minuends less thaa 10 with mariipulatives 
available, was performance appreciably above the 50% 
level (64% correct). When no manipulatives were 
available for problems with minuends 11 through 15 , the 
entering first-graders correctly solved only 14-25% of 
the subtraction problems* 

4 ■> * 

The Carpenter and Noser study is unique in that it 
provides the only extant comprehensive data on the 
solution strategies used by f irst-gradets on addition and 
subtraction verbal problems* Carpenter dnd Moser's model 
of children's solution processes for verbal addition and 
subtraction problems contends that problem structure is 

. «* * 

the principal determinant of young 'children's choices of 
strategies f^>r solving verbal problems; variations in 
problem structure can be shown to acpount for the 
observed variations in children's choices of strategies 
across various item types* In the Carpenter and Moser 
study two addition problems, embodying action and 
static situations'/ elicited similar strategies* They 
reported that the overall pattern of responses for both 
problems was almost identical both in terms of number 
correct and strategy* 

Problem structure was strongly related to strategy 
choice on the four subtraction problems, with the 
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strategy most frequently used being that which most 
diifectly modeled the action or relati6nship described in 
the problem. The subtractive strategies (Separate From 
or Counting Dqwn /rom) and additive strategies (Adding Oi^ 
or Counting Up Prom Given) were use<J v nearly universally 
' on the Separate and Join/Change Unknown problems, 
respectively,. Matching was found to be the most 
frequently used strategy on the Compare problem when 
objects were available, and both additive and subtractive 
strategies occurred on the Combine/Part Unknown problem, 
with the subtractive strategies^>eing the predominant 
ones. 6 Although the Combine problem was somewhat 
ambiguous, there were o^ear differences in solution 
strategies for these four problems with differing 
structure* 

y 

Carpenter and Moser concluded that children 1 s x 
difficulties in figuring out how to model the 
relationships in static problems may have accounted for 
their being less consistent in their choice of strategy 
on the Compare and Combine/Part Unknown problems. 
Carpenter and Moser 1 s data indicate that young children 
have independent conceptions of subtraction and that they 
are not aware of the interchangeability of their 
Strategies. Children's initial approaches to solving 
verbal subtraction problems are tied very strongly to the 
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actions or relationships in the problems. 
SUIMCY 

Several conclusions can be drawn from studies that 
examined preschoolers 1 , kindergartners 1 and entering 
first-traders 9 performance on addition and subtraction 
problems, ft appears that in spite of a lack of 
instruction on the operations of addition and 
subtraction some young children spontaneously, "invent" 
and use appropriate strategies to solve addition and 
-subtraction probjems. These ^strategies^ often closely 
mirror the structure of "the problems Jand often involve 
concrete representation of the problem rather than 
counting or recalling number facts, although strategies 
in the latter two categories are, employed by some 
children prior to any formal instruction on additicm and \ 
subtraction. Children are more successful when 
manipulative objects are present, yet some children have 
difficulty constructing a physical model which represents 
the action, relationship* or operation in the probletf. 
The existence of low success rates on some problem types 
suggests that pr^obleps for kindergartners must be chosen 
carefully tp ensure that useful information results^ rom 
their administration. * 

Performance of Fiifit-gtflflera After instruction 
Mid-year or end-of-year first-graders typically have 

/ 
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.experienced initial instruction on' the operations of 
addition and subtraction. Thus, their responses to 
addition and subtraction problems can be expected to be 
different from those of younger subjects who have not had 
such instruction. 

* 

Abstract Problems 

Beattie and Deichmann (1972), Groen and Poll (1973), 
Houlihan and Ginsburg (1981) , Lindvall and Ibarra (1980) , 
and Weaver (1971) provide data on the difficulty of 
various abstract addition and subtraction problems 
administered t# mid- and end-of-year first-graders. 
Different problems and conditions of administration, 

e.g., the inclusion of problems with no solution in the 

t 

Weaver, study, may account for some difference s^between 
these studies. Nevertheless, across these studies, 
differences in difficulty among the six simple open 

addition and subtraction sentence types (a+b» , a-b* , 

a+ »c, a- «c, +b«c, and -b«c) wei?e comparable. 

These studies indicate that the Simplest open sentences 

are the canonical addition (a+b- ) and canonical 

subtraction (a-b« ). These consistently Were solved 

correctly more than 60% of the time with addition being 
the easier of the two. The two missing addend sentences 

<a+ «c and +b»c) and the missing subtrahend sentence 

(a- «c) were next in level of difficulty with p-values 
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ranging from .46 to ,87. Weaver and Lindvall and Ibarra 
both found that the second-position missing' addend 
problem (a+ «c) to be slightly easier than the first- 
position missing addend problem ( +b«c) • The missing 

minuend problem ( -b«c) was decidedly more difficult 

than the other open sentences, with difficulty indices 
being approximately ,25 or less in -all but Beattie and 
Deichroann's study (which drew data 'from workbooks whereon 
children presumably received help), 

Houlihan & Ginsburg reported that first-graders were 
successful on only 27% of the addition items involving 
one single-digit and one two-digit addend in spite of the 
fact that over 60% of them used an appropriate strategy. 
When both addends were two-digit numbers, less than 5% of 
the subjects were correct and approximately one- third 
used an appropriate strategy. This suggested that 
problems with twQrdigit~^R3^ends were potentially too 
difficult for most first-graders and certainly too 
difficult for kipdergartners, ^ — - 

Of the studies which have investigated the 
strategies first-graders use when solving abstract 
addition and subtraction problems, some have used direct 

observation and others have used inferential techniques, 

* 

Brownell (1941), PeclCand Jencks (1976) and Houlihan and 
Ginsburg (1981) directly observed children's solutions -of 

* 

62 



# [49] 

addition, addition and subtraction, and missing addend 
problems, respectively. Houlihan and Ginsburg reported 
that over three-fourths of the first-graders in their 
sample used an appropriate strategy on two abstract 
single-digit addition problems. Of th ese strategies) 
counting was the predominant strategy, with approximately 
equal numbers of subjects using Counting All and the 
counting-on strategies, i.e.; Counting On From the Larger 
Addend and Counting On From the First (Smaller) Addend. 
Brownell individually administered abstract addition and 
subtraction problems with sums and minuends less than 10 
to first-graders at mid-year and again at the end of the 
school year. Recalling a number fact and guessing were 
the most frequently used strategies, although Derived 
Fact and counting strategies were also exhibited. Peck 

and Jencks gave no detailed report of strategies 

♦ _ _ _ 

employed, but noted that approximately 80% of the 
.children who could correctly solve missing addend 
problems used an overt counting strategy. Several 
children used mental counting and about 15% recalled a 
number fact. Although counting was, the predominant 
successful strategy, only 60% of their total sample 
employed such a strategy. Peck and Jencks 1 study 
demonstrated that first-grade children who had 
experienced initial instruction on addition and 
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subtraction could successfully solve missing addend 
number sentences, primarily by counting. 

Studies using response latencies to infer children's 
strategies on abstract addition problems (Suppes & Groen, 
1967; Groen, 1968) found that reaction times we re a 
function of the smaller of the two adends, suggesting 
that the best-fitting model of children's early 
strategies for addition problems is Counting On From .the 
Larger Addend. Groen and Poll (1973) found that the^only 
counting model t)iat f i*t observed latencies for missing 
addend problems was one in whictS the number of counts fas 
determined by the relative efficiencies of counting up 
from the addend to the sum and counting down from the sum 

a number of counts equal to the addend, e.'g.,j for 3+ «§, 

counting up five units from 3 is less efficient than 
counting down three units fropn 8. However, this model 
fit observed latencies only for the second-position 

missing .addend problems (a+ »c) . Groen and Poll's study 

did not present conclusive evidence that first-graders 
base their choice of solution strategy on considerations 
of efficiency. However, response latency studies with 
young children do suggest that at the time when children 
have had little formal instruction on the addition and 
subtraction operations, their performance can be modeled 
by strategies that involve counting. 

64 
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Error analysis was used as a means of inferring 
solution strategies in several investigations with first- 
graders, Beattie and Deichmann (1972) globally 
classified errors in first-graders 1 workbooks as basic 
fact error s, i^ncor rect^operation errors, and 
unclassif iable ones. Only 7% of first-graders* errors on 
canonical addition problems entailed use of the wrong 
operation, and the corresponding rate of such errors fox 
canonical subtraction problems w^e 24%. The data on. 
basic fact errors can be combined ^^h frequencies of 
correct solutions to infer the frequency of use of an 
appropriate strategy. Such a procedure yields a high 
"incidence of appropriate Strategies, perhaps inflated by 
the help which students may have received when doing * 
workbook pages. Weaver 1 s (Note 11) data on incorrect 
responses similarly can generate estimates of the*use of 
appropriate strategies; his data for canonical addition 
items quite closely parallel Houlihan and Ginsburg's 
(1981) interview data for similar items. Although many 
errors appear to be systematic when computational 
algorithms are involved (Ginsburg, 1977b), systematic 
errors may be more difficult to identify solely from 
responses when leas complex tasks such as simple addition 
and subtraction are invovled. Inferential error analysis 
can b$ inaccurate in classifying counting errors and 
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contributes little to identification of the solution 
strategies children use. 
Verbal Prob lems 

Many studies haye found that first-graders perform 
well on verbal addition problems . after receiving " 
instruction on addition and subtraction. Depending on 
the size of the numbers used in the problems and the 
availability of manipulatives r difficulty jpdices for 
first-graders have generally been greater than .50 and 
often as high as .80 or ,90 on verbal addition problems 
(Brownell, 1941; Carpenter & Moser, 1981; Hebbeler, 
1977). Verbal subtraction problems have been 
consistently more difficult than addition problems, with 
difficulty indices often below .50 r athough LeBlanc's 
(Note 12) first-graders were successful on approximately' 
65% of Combine/Part Unknown problems. 

Host studies that compared the difficulty of action 
and static addition problems at the first-grade level 

* v 

/ 

foundN:hat performance was not markedly different on 
these two types of items (Carpenter & Moser r 1981; 
Carpenter, Hiebert & Moser, 1981; Shores & Underhill, 
1976; Steffe & Johnson, 1971). Steffe (1970) reported p- 
values of .85 and .77 for Join and Combine problems with 
first-graders. These findings differ somewhat from those 

of studies comparing the difficulty of action and static 

■ i ' • 
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addition problems at the kindergarten level. Three 
kindergarten studies ^Grunau, 1978; Ibarra & Lindvall, 
Note 9; Shores & Underhill, 1976) reported slightly 

better performance on the static Combine problem than on 

« 

the Join problem. 1 One might conclude that prior to 
instruction, Combine problems are as easy or perhaps even 
easier than Join problems, but that after instruction, 
these problems are essentially of equal difficulty. 

Differences in iiiXficulty between verbal subtraction 
problems have ap|?eared in many studies. One trend in a 
number of studies at the kindergarten level and with 
older subjects was a distinction between the action 
subtraction problems, with the Separate problem being^^\' 
less difficult than the Join/Change Unknown problem 
(Ibarra & Lindvall, Note 9; Rosenthal & rfe^nick, 1974; 
Schell & Burns, 1962). Two first-grade studies, 
(Carpenter k Moser, 1981; Steffe & Johnson, 1971), 
however, reported that the Join/Change Unknown problem 
was. less difficult than the Separate problem. Another 
difficulty trend among verbal subtraction problems 
involves action problems being less difficult than static 
(Combine/Part Unknown or Compare) problems. This trend 
appeared consistently (Carpenter, Blume, Hiebert, Martin 
k Pimm, Note 13),^and difficulty indices betweert .10 and 
.50 for the static problems suggested that in the present 
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study, less useful' strategy data might be obtained from 

c 

the kindergarten subjects and even the first-graders ^Lf 
static rather than action subtraction problems were used. 

The strategies used bf mid- and eij£-of-year first- 
graders on verbal addition and subtraction problems are 
varied and involve more sophisticated procedures than 
those used by kindergartners and entering first-graders. 
Hebbeler (1977) reported that-counting strategies and use 
of number facts accounted for approximately 50% and 40%, 
respectively, of her first-grade subjects 1 addition 
strategies. She noted that the incidence of counting 
strategies was lower than that for kindergartners, that 
the presence or absence of manipulatives had little 
effect on children's addition strategies and that, .in 
contrast to the pfeschool and kindergarten levels,, 
guessing was practically non-existent among first-graders 
on simple addition problems. / 

The strategies reported by Carpenter et a]/. (19Q1) 
were consistent with Carpenter and Moser's (1981) data 
1 concerning the influence of problem structure on the 
solution strategies used by mid-year first-graders. 
Carpenter fc Noser's mid- and end-of-year interview data 
were similar to their data on entering first-graders, 
although by mid- to end-o^year there was increased use 
of counting and mental (Number F*gt and Derived Pact) 
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Arpenter (Note 14) compared first-graders' 
strategies for solving addition and subtraction problems 
prior -to and after initial instruction on addition and 
subtraction; After instruction had taken place, first- 

* • 

gradate generally irsed siibtractive strategies (e.g. r 

Separating From or Counting Down From) for all four typet 

of subtraction problems. This contrasted with their use 

of strategies which quiteiclosejy mirrored problem 

structure ^.or to instruction.^This shift after 

instruction to strategies which- presumably -ref lect a 

unified inception of subt region -was not evident in. } 

\ • - 

Carpenter and Moser (1981) . 

•Abstract , and Verbal Piobleag 

Three studies (Brownell, 1941;- Lindvall Ibarra, 

1980; Steffe, Spikes & Hirstein, Note 15) administered 

- - 

both verbal and ^abstract' addition and subtraction f. 
problems to first-graders. Steffe et al. reported s 
similar performance on abstract "mental arithmetic" 
problems U81 for addition and. .54 for subtraction) and 
verbal problems (.78 for Join, .71 for Separate, and .48 
for Join/Change Unknown) . Brownell' s mid-year first- 
graders performed better , on verbAI^addition "and 
subtraction problems than on abstf aet-problemsta . 85 vs. 
. 74) , but these results were • reversed (. 84 vs. .92, 
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respectively) for end-of-year first-graders. 

Lindvall and Ibarra (1980) compared incorrect 
procedures used by first-graders (and entering* second* * 

* * y • ^ \ 

graders* on ^he four non-canonical addition and \ 

\ 

subtraction open sentences and corresponding verbal \ 
problems (the structure of these wasfriot clearly 
specified). Their categories of incorrect procedures 
included: use of the wrong operation, responding with a 
number given in the problem, "computational .error" 
(presumably miscounting or incorrectly recalling a number 

fact)* no attempt to solve the problem, and 

v 

unclassif iable errors. Op± interesting result Of this 

• ^ 1 f * 

study was the difference in error types occurring on 

abstract and verbal problems. Although the total number 

of errbrs across the, four item types was identical foj: 

verbal and abstract "problems, use of the wrong operation 

occurred ori lit of the verbal problems "and on 17% of the 

• • * 

abstract problems. No attempt was made on'8%*of the 
abstract, problems and on only 1% of' the verbal problems. 

However, children gave one of the given numbers as their 

* 

answer more frequently on verbal problems (13.5%) than on 
abstract problems (.5%). 

• These differences in incorrect jurocedures suggest 
that children were moire willing to attempt (or believed 

* 

that they had fiflBfi understanding of) verbal than abstract 
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* * 

problems, and that they less frequently misinterpreted 
verbal than abstract problems based on non-canonical open 
sentences. Lindvall and Ibarra's research indicates that 
further and more .detailed .research is necessary to 
describe the incorrect solution processes used by 
kindergartners and first-graders on verbal and abstract 

S ' a 

4 

canonical addition and subtraction problems. Since 
ildren have been shown t<^ exhibit different sxifiXS on 
rtain verbal and abstract item types, it is reasonable 
.also to expect differences in their corrupt ^solution 
procedures. 
Suma ry 

The preceding review 6f studies using first-graders 

indicates that nearly half of entering f irfet-grade 

children often correctly solve some verbal and abstract 

addition and subtraction problems, ajj^i that a number of 

additional children use appropriate strategies on these 

problems. Evidence from direct observation and ; response 

latency data indicate that/counting strategies ar.e used 

* * 
often, although perhaps not as universally as is inferred" 

from response latency data, children at the first-grade 

level seem to employ a variety of strategies, with 

choices among them being bas^ on the structure of the 

f * t » 

problem or on the efficiency of a -given strategy relative 
to that of other appropriate strategies. It is not clear. 
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whether strategy use becomes more unitary after 
instruction takes place or whether children continue to 
use many rather than a single strategy for different 
types of problems. 

Certain item types are difficult for first-graders, 

in particular, those based on the. open sentence -b«c. 

Many f ir4t-graders can sol-ve missing addend problems in 
abstract form. For the verbal problems findings have 
been mixed concerning the relative difficulty of Separate 
and Join/Change Unknown problems. The corteistent finding 
that subtraction problems ^involving action are less 
difficult than static ones suggested that action problems 
be used in this study, since static prdblovs might be 
sufficiently .difficult to generate a considerable atoount 
of non-useful strategy data (guessing or making no 
attempt to solve the problem) . 

Action and static addition ^problems have elicited 
similar performance from f irst^graders, although some 
first-grade (and kindergarten) evidence' indicates that 
Combine problems initially might be less difficult. 
Similarly, som6 evidence exists (Browriell, 1941) that' 
Verbal problems initially night be less difficult than 
corresponding, abstract problems, but that this difference 
might disappear after instruction on I addition and 
subtraction takes place. Different ethot patterns have 
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been observed on some verbal and abstract problem types; 
this evidence (Lindvall t Ibarra, 1980) suggests that 

children more frequently may apply ,the wrong operation on 

. / 

abstract than verbal problems. No study has compared 
first-graders 1 C Qpye ct solution procedures for abstract 
and verbal addition and subtraction problems, „and no 
study has examined the modeling procedures used by first- 
graders, t 

" .Qlte* Children's Performance • 

A great deal of research on addition and subtraction 
has used subjects beyond the 4 first-grade level. This 
research is pertinent ^o the present study for several 
reasons.' First, this research provides an additional 
cross-sectional view of the development of children's 
solution processes for addition and subtraction problems. 
This is a useful aid to viewing the development of such ' 
solution processes within the' kindergarten and first- . 
grade levels. Second, it traces the difficulty of 
various problem types beyond the first-grade level, 
giving an indication of the capabilities of older 

children for solving item types pther than those included 

* $ 

a 

♦in the present study. Finally, the research with older 
children includes several additional comparisons of 
performance on abstract and verbal problems. 
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Abstract Problems 

Although children in grades two and above generally 
find all types of simple addition and subtraction 
problems less difficult than first-graders do, certain 
problem types remain difficult even for older children. 
For eCample, Weaver (1971), Grouws (1972) and Hatano 
(1981) reported that third-graders correctly solved only 
one-third to one-half of the open sentences of the form 

-b-c with minuends less ^han 19. Difficulty indices 

for the remaining five open sentence types have been 
comparable to each other for children at or above the 
third-gride level. 

A number of^studies report data indicating ttjat many 
of the strategies used , by first-graders continue to be 
used by a non-trivial percentage of older children. 
Several studies employing response latency techniques to 
infer strategy use concluded that hypothesized counting 
strategies often fit observed latency data. Jerman 
(1970), Svenson (1975), and Svenson and- Broquist (1975) 
concluded that Counting On From the Larger Addend was the 
strategy that best fit observed performance on simple 
addition problems in grades three through seven. 
Rosenthal's (1975) results with 9-year-olds were more 
ambiguous, with 6nly 11 of 22 subjects being fit by any 

» 

of the hypothesized models, but his study is important 
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because it identified some subjects who presumably used a 
trial and error approach to solve open sentences such as 

+b«c and -b»c. 

Of particular interest to the present study are the 
data reported by Woods, Resiiick and Groen (197 51 and by 
Groen and Poll (1973). These studies supported the 
hypothesis that; older children base their choice of 
strategies on considerations related to the efficiency of 
various counting procedures. Several counting strategies 

might be used for problems such as 12-9« and 9+12» , 

or 12-3» and 3+ »T2. Data from these studies support 

the view that children would use Counting Up From Given 
for the two problems in the* first pair and Counting Down 
From for the two problems in the second pair since these 
strategies would ensure that the child counted a minimum 
number of units. Woods et al. concluded that second- and 
tourth-grade children used a counting strategy based on 
the minimum of the smaller constant given in the problem 
and the difference between the larger and smaller 

constants given in the problem. Some of Groen and Poll's 

* 

subjects were children aged 7-9 who were given missing 
addend problems; their repsonse latencies were also best 
i it by a counting model in which the numbed of counts 
reflected the minimum of the given addend and the 
difference between the sum and the given addend. These 
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studies suggest that efficiency of the counting process 
is the dominant criterion used by children in grades .one 
through four in their choice of counting strategies for 
abstract subtraction problems. This conclusion is 
different from Carpenter and Moseys (1981) finding that 
problem structure dominates children's choices of 
strategies on verbal subtraction problems. 

A number of researchers have directly observed older 
children's strategies for solving abstract addition and 
subtraction problems by using individual interviews. 
Smith (1921), Thornton (1978) and Beattie (1979) observed 
counting and Derived Pact strategies being used by^ 
children in grades two through seveh. Houlihan and 
Ginsburg (1981) observed that Counting All was used only 
infrequently by second graders on addition problems, but 
that counting-on strategies constituted nearly half of 
the appropriate strategies used by these children; 
recalling number facts and Derived Pact strategies , 
"comprised the remaining half of the appropriate 
strategies. r 

Brownell (1928) identified a range of individual 
differences among 14 children aged 7 through/ 9 who solved 
single-digit addition problems. Half of the subjects 
recalled ^number facias their predominant strateg^, 
three used number facts and Derived^Pacts with _ 
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approximately equal frequency, two children primarily 
used counting, and two frequently used any of these three 
strategies. The descriptive analysis of individual 
differences in strategy use reported by Brownell provides 
an important precedent for the descriptive analysis in 
the present study. In another study Brownell (1941) 
documented strategies used by second-graders on abstract 
addition and subtraction problems. Counting-on 
strategies were used more frequently by second-graders 
than by first-graders, although counting occurred 
infrequently in comparison to Guessirtg, Derived Fact and 
Number Fact strategies. More than 20% of the second- 
graders 1 strategies on subtraction -problems were 
categorized as a type of Derived Fact strategy; included 
in this category were use of doubles or known facts to 
generate other facts, use of addition facts for 
subtraction problems, and the use of a fact in commuted 

form, e.g., using 3+l«4 for l+3« . 

Svenson, Hedenborg and Lingman (1976) reported that 
children aged 10-12 used number facts and counting-on 
strategies with equal frequency .(on 36% of the items), 

* 

with counting in units greater than one (16%) and Derived 
Facts (12%) comprising the remaining strategies^ 
addition problems with sums less than 14. Svenson et al. 
concluded that subjects used "highly individual methods 
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for solving some of the problems" (p, 169). 

Lankf ord (1974) found that counting^ was the most 
frequently used strategy among seventh-graders for whole 
number addition problems and that 25% of these subjects 
used fingers and another 16% used marks or motions^for 
tracking when counting. Lankford emphasized that even at 
the seventh-grade level "pupils vary widely in the 
computational strategies which they employ in operations^ 
with whole numbers" (p, 29). 

When larger addends were used (Flournoy, 1957; 
Grouws, 1974; Russell f 1977) , consistent evidence 
appeared for individuals 1 use of a variety of solution 
methods. Russell's third-grade subjects used a written 
algorithm only 50% of the tim6 for canonical addition 
problems with sums between 19 aix^48« Grouws 1 subjects 
used number facts f counting strategies, trial -and-error 
procedures, guessing, derived facts, and the standard 
computational algorithms to solve the four types- of non- 
canonical open addition and subtraction sentences. 
Flournoy reported that approximately one-fourth of the 
third-graders used several methods for solving addition 
problems with a two-digit and a one-digit addend. 

Hebbeler's (1977) second-graders correctly solved 
approximately 95% of simple addition problems and 

75 

« 

\ 
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r 

recalling* number facts was theit predominant strategy 
(used on 60% of the items). Children's performance on 
action and static addition problems improves with age and 
nears ceiling level in grade two and beyond, b\ot second- 
graders still have difficulty with verbal subtraction 
problems (Gibb r *1956; Riley r Note 10; Schell & Burns, 
1962), particularly the static Compare and Combine 
problems. Zweng (Note 16) found that counting and 
Derived Fact strategies continued to be used through 
grades three and four on verbal subtraction problems. 
Carpenter and Moser (Note 17) reported longitudinal data 
from end-of-year second-graders which indicated that 
numbpr facts were used on less than half of the verbal 
problems with yfeums from 11 through 15 and that counting 
strategies. continued to be used on 20-50% of those 
problems. 

Hirstein (1979) and Brownell (1941) each 
administered verbal and abstract problems to second- 
graders, but neither compared strategy use on problems in 
the .two types of contexts. Brownell 's second-traders 
performed slightly better on abstract than verbal 
problems, in Hirstein 1 s study performance on Join and 
fcbarate problems and their parallel abstract problems 
is comparable. Verbal Join/Change Unknown problems were 

70 
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considerably more difficult (f0% vs. 70% correct) than 

tl^e first- and second-position missing addend problems 

< +b-c and a+ «c) . Hirstein also noted Ahat 

performance on abstract and verbal problems was highly 

associated except for the missing addend problems. 

Subjects who were successful on verbal problems were also 

successful on abstract problems, and. the converse was 

true r except that a large number of children who were 

successful on the abstract missing addend problems failed 

« 

the corresponding verbal problems. "Passing" and 
"failing" were determined by correct answers rather than 
use of appropriate strategies, however. 

The above research with older children has three 
implications for the present study. The first is that 
performance on simple verbal and abstract addition 
problems approaches ceiling level in grades two and 
beyond. < Subtraction problems remain difficult, however, 
with 50-75% success on the static problems in grades two 
and threfc. 

The second general result in the preceding studies 
is that the strategies identified with kindergarten and 
first-grade subjects continue to be used in 'later years. 
Counting strategies, use of num^r facts, and Derived 
Fact strategies seem to be th^ predominant strategies 
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used by children beyond grade one. Whether or not the 
counting strategies are chosen by considerations of 
efficiency in the counting process or according to 
problem structure is an open question, although there is 
some empirical support for the hypothlfts that older 
children attend to £he efficiency of their counting 
procedures. * 

The final implication of the above studies is that 
there may be differences in children 1 s ability to solve 
verbal and abstract problems, in particular, the missing 
addend problems (Hirstein, 1979). Whether differences 

also exist in the strategies children use to solve 

» 

problems in these two contexts is at present unknown. 

Conclufl^Q np , 

Previous research has documented the difficulty of 
many verbal and abstract addition and subtraction 
problems. The research using preschool subjects 
indicates that even before children enter kindergarten 
they can successfully solve simple canoni^fe addition and 
subtraction problems. The fact that many^icin^ergartners 

use appropriate strategies on addition and subtraction^ 

r ^ S 

verbal problems- suggests that, if carefully chosen, 
verbal and abstract addition problems are appropriate for 
kindergarten subjects. Performance has been found to 
improve after initial instruction on addition and 

.81 • 
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r • 
subtraction yet certain simple* (single-step) subtraction 

problems remain difficult even f° r third-graders. Data Q 

on children's solution processes are needed to contribute 

to potential explanations of these difficulties as well 

as earlier ones which are exhibited by kindergarten and 

first-grade children. -Although the relative difficulty 

m of certain verbal £nd abstract problems for first-graders 

has been investigated (Brownell, 1941; Hirstein, 1979) , 

research which provides a comparison of modeling 

procedures, solution strategies and 'errors on verbal and 

abstract addition and subtraction problems is 

• conspicuously absent from previous research. 

The present study provides data pertinent to the 

* 

hypothesis that many "young children possess a substantial- 
repertoire of alternative procedures for solving addition 
and subtraction problems. 1 Studies providing data on the 

processes children use for solving either verbal or 

« 

abstract problems have indicated that already at the 
kindergarten level children use a variety of strategies 
on verbal problems and that these strategies often remain 
in use even at much higher gr$de levels. However f " - 
previous research has provided no comprehensive 
description of kindergartners 1 strategies for solving 
verbal and abstract problems, nor has any comparison of 
solution processes for abstract and verbal problems been 

• •' . V 82 ■ ' » •■ 



» , [69] 

, - ^ ¥ • 

done with children who have had initial instruction on 
addition, and subtraction. . m ' 

Dg|^iled data on the\j3oiution processes used by 
kindergarten and f^rst-grade . children can supplement ttie 
existing data on the 'development of children's- strategies 
foj: solving addition and subtraction problems. There is 
Stome evidence that children's initial strategies for 
solving verbal problems are iii^uenced by the structure 
of the problem. When counting ^tfchregies .are used the 
relationship of choice of sol utiort . strategy to^either 
problem structure or . efficiency in counting has been 
hypothesized and remains an open question, wittf^cbmpeting 

hypotheses having. <be en generated from studies employing 

\ * - - - , , 

verbal problems and those employing abstract problems. 

Although strategies involving concrete c^rea^ntation of 

the problem" and counting strategies persist even after 

initial instruction on the Operations of v addition and 

subtraction, older cHfcldren dp appeat to use more ' 

ajttjjract stratfegiea. These older children* also may. 

d^|lop -a* more, tin if ied conception of each* of the 

operatioh*} of addition and subtraction, treating 

subtraction problems with differing problem structures^ as 

instances of |i£bl As; Involving a single operation-^ 

•V- ' • ' ' 

subtraction ratner, thajrajB distinct problem types. /Data- 

f rgp the p/e^nfe study can provide information about how 
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the splution procedures of children whp have and have not 
had initial iastruction qn the*>perati<Jns of addition and 
subtraction differ on both abstract and verbal problems. 
Rggearcfr p^^ed to Procedural AspectB^^f the Sttl dy 
The studies revie^pd subsequently served^as 
background for construction and administration of the 
interview tasks. This, section til so will review the 
literature that served as background for the individual 
interview procedure chosen for this t studJK The 
difficulty of various abstract and verbal item types was. 
a, major consideration in choosing problem types to be 
used in the^present study; other structural aspects of 
the tasks were influenced by studies discussed 
subsequently. Complete details of the sele^tion^of the 
interview tasks are given* in Chapter II f. 
Number Size 

* " Previous research indicated that children can solve 

*« * 

problems better when the constants* are- small numbers v _ 
rather than larger numbers/ This finding held for. both 
verbal problems (Carpenter 6 Moser, .1981; Vergnaud, 1981; 
Zweng r Note 16), and" abstract problems (Gfouws, 1972; 

♦ 

Houlihan 6 Ginsburg, ' 1981) . A considerable body of 
, research amassed., prior to 194<f attempted to determine the 
relative difficulty of the addition and subtraction 
combinations with sums and minuends less thart 19 (for 
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example, see Clapp,1924; Knigljt t Behrens, 1928; Murray, 
•1939). These studies have been reviewed elsewhere 

(Brownell, 1941; Carpenter et al., Note 13; SupjSes, 

* « 

* 

Jerman & % Brian, 1968). One consislj^t finding was that 
the difficulty of addition and subtraction combinations 
increases as the numbers get larger, This finding, along 

V*. * 

with Brownell's (1941) interview tasks which involved 
"taught" and "untaught" facts, suggested that a. 
distinction be made for each ofc^the kindergarten) and 
first-grade levels between problems involving smaller, 
more familiar numbers ^B^ohes using larger, less _ 
familiar numbers. Houlihan and Ginsburg (1981) reported 
that abstract addition problems with two-digit addends 
were difficult fot first-graders; this suggested a 
restriction of the size of the numJ>ejrs in the tasks used 
in the current study to the "baikic, facts, " i.e., addition 
probletos in which both addends are ^ingle^fejit numbers 
a^ong with tjie corresponding subtraction problems. 
Verbal problems using basic facts less than 16 were found 
to be appropriate for use with first-graders in Carpenter 
& Moser (1981), and many studies with kindergartners 
(e.g., Grunau, 1978; Schwartz, 1969) have used items with 
Alms and minuends less than 10. 

Studies that h*ve analyze^ response latencies (e.g., 
Xfrpen & Poll, 1973; Jerman, 1970; Suppes & Groen, 1967) 



have consistently reported uniformly, lower latencies for 
problems involving - doubles , e.g., 2+2 or 5+5. In terms 
of both difficulty and solution strategy, doubles 
appeared to be unrepresentative of the- set of problems 
that can be generated using numbers, which are basic 
facts.*. This suggested that doubles be excluded from the 
numbers chosen' for use in the present study. 

fi ynretrir Forms of Abstract Problems 

Several' studi^4 have provided data pertinent to 

structural aspects of the abstract problems used in the 

present study. Weaver (1973)' and Lindvall and Ibarra 

(19 A)) found abstract addition and. subtraction problems 

with the operation on the left, e.g* , 6+ -9* to be 

consistently easier than symmetric forms such as 9*6+ — . 

Lindvall «uid Ibarra also reported that first-graders 

experienced difficulty reading sentences with the^ 

operation on the right. 

Two studies 'have investigated the effect .of' 
f 

horizontal or vertical format on the difficulty of 
abstract problems presented in written mode; Engle and 
fcerch U97J.) and Beattie and Deichmann U972) reported 
little difference in difficulty between problems in 
horizontal and vertical format. 
Structu ral C h ar acter i stic s ^ of Ver ba l 2XSbl£BB 

■ The effect on problem difficulty of different 
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positions of the question in verbal problems and the 

ordering of the sentences within the problems has been 

investigated by several researchers. Rosenthal and 

Regnick (1974) varied the* order in which temporal 

information was given* in verbal problems modeled by 

a+b« f a-t>« f +b»c, and -b»c. All problems given 

* 

to the third-graders involved action described either in 

chronological order 

If Paul Started' out with 5 boats and he bought 
3 boats, how many boats did he end up with? 

or in reverse chronological order, 

How ma^ boats did Paul end up with>if he bought 
3 boats and he. started out with 5 boats? 



They found the reverse order to be more difficult when 
'percent correct was the criterion but not when latency of 
response was the criterion. Bolduc (1970) found that the 
position of the quesjtion (before or after the data) was 



/ 

t a significant factor in <3if f iculty * qf addition 



.problems for, first-graders. Nesher and Katriel (1978) 
also found no difference in difficulty for children in 
grades^ 2-6 between verbal problems in which the order of . 
the sentences reflected the ^natural temporal order of the 
occurrences in the problem and those 'in which the . > 
sequential textual order' of the sentences' did not reflect 
- the ^eroporal order 6f the occurrences. * 

» 

V 
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The preceding studies suggested that in the absence 
^6, consistent data concerning the effect of the order of 
the>witences of the text in verbal problems that the 
preferred wording for verbal problems in the present 
study would be that reflecting the natural order of 
occurrences in the problem, especially since this form is 
comparable to that udfcd in other studies (Carpenter & 
Moser; 1981; Ginsburg i Russell, Note 1; Steffe & 
Johnson, 1971) . 
Availability of Manipulatives 

Much empirical attention has been focused on the k 
effects of manipulative .or pictorial aids on children's ^ 
performance on verbal addition and subtraction problems. 
Results of many studies (e.g., Carpenter & Moser, 1981; 
Gibb, 1956; Steffe 6 Johnson, 1971) support the 
contention that performance improves when children? have 
manipulative objects or -pictures available. Pictures and 
manipulative objects have been found to have comparable 
effects on children's performance (Gibb, 1956/ Ibarra & 
Lindvall, Note 9) . The only evidence suggesting that 
manipulatives hinder performance/ is provided by both 
first- and second-grade results from Steffe et al. (Note 
1.5) and Hirstein (1979). Moser (Note 5) does suggest, 

however,* that the presence of manipulatives influences 

■ • 

first-graders' choices, of strategies, with fewer counting 



88 



[75] 



and mental strategies and more concrete representation 
strategies occurring. when fianipulatives are presents 

Empirical evidence regarding the effects of 
manipulative or pictorial aids on the difficulty ^>f 
abstract addition and subtraction problems is limited. 
Houlihan and Ginsburg (1981) reported that second-graders 
did not use manipulatives on single-digit or on single- 
digit, double-digit addition problems. This suggested 
that the present study include interview conditions in 
which manipulatives were bJih available and not available 
to the subjects, providing that kindergartners 1 
performance: was not influenced too adversely by the 



absence of manipulatives. * 

The availability of manipulatives is, also related to 
the issue of the extent to which an interviewer uses 
objects to present problems to the subjects. The 
conditions under which manipulative or pictorial aids 
were used in previous research have varied widely, from 
simply making aids available to the subject, to requiring 
the subject to use manipulatives, to presentation of the 
problem via the experimenter's manipulation of the 
objects. In studies employing the latter condition 
(Ibarfa & Liridvall, Note 9? Leqianc, Nate 12; Steffe, 
1970) the experimenter used manipulatives to form sets 
representing the two numbers in the problem, performed 

f 

r ' 
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necessary transformations of the sets (joining or 
separating) for action problems, and the subject was then 
required to determine the answer. This condition of 
-presentation essentially reduces the problem to one of 
enumeration. One can argue that although the subjects 
are required to determine the answer, they are not 
required "to actually fifiijtfi the problem and are certainly 
not required, to model any of the data, relationships or 
actions in the problem. Studies entailing such concrete 
presentation of problems by the experimenter have 
reported high rates of success, even<amon^ 
kindergartnexs. However, for the purpoe^a^of eliciting 
modeling and observing solution strategies, concrete 
presentation of* the tasks by the experimenter was deemed 
inappropriate for the present study. 
Oral Presentation of Tasks and S ubjects' Reading of 
Written Abstract Problems 

* The studies reviewed subsequently are pertinent to 
the mode in which tasks were presented tp the Subjects, 
i;e|j, written or oral. Houlihan and Ginsburg (1981) 
found no differences ip difficulty or in the strategies 
used by first- and second-graders between abstract 
addition problems presented in written mode ("4+3* 
written on a card) and those in oral mode ("Bow much is 
four and three?"). * 

I 
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Studies using verbal problems with young children 

A 

have relied exclusively on oral presentation of the 
tasks, but these problems have been tlad to subjects in 
two ways. Carpenter and Moser (1981) read the entire 
problem to first-grade subjects without pausing after 
ea^h of the phrases in the problem, whereas Lindvall and 
Ibarra (Note 7) reported that kindergartng'rs were unable 
to comprehend problems when they were read in their 
entirety. Lindvall and Ibarrsr^Tprocedure entailed 
reading problems sentence-rby-sentence and recording the 
child's modeling procedure after each sentence of the 
story had been jpiSS?. The serialization imposed by such 
reading of the verbal problem potentially could have 
altered the child's strategy by precluding any approach 
in which the child would first model the final state 
described in the problem. Thus, line-by-line reading was 
inappropriate for the present study. . 

When abstract problems are presented in written 
mode, subjects often have difficulty^ reading the problem 
correctly and, consequently, solving the problem* which is 
actually posed to them. Qehr, Erlwanger -and Nichols 
(1976) and Denmark, Barco and Votan (1976) documented 
Voung children's misreading and misinterpretation of 
written abstract addition and subtraction. problems, and 
concluded that, even after instruction children viewed 
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as an operator, i.e., an indicator that the ope'ration 
present (the "+" or "-" symbol) in the open sentence 
should be performed on the two given numbers. Lindvall 
and Ibarra (1980) presented strong evidence that the 
ability to .correctly read an open sentence was a 
prerequisite for being able to correctly solve it. The 
preceding studies suggested that in the present study 
written abstract problems should either be read to the 
subjects or read by the subjects and corrected prior to 
solution of the problem, thus ensuring that subjects * 
would, ihdeed, solve the problem presented and not sane 
other problem. 

Children's Interpretation and Gene rat iriflfcof Written 

Children's ability to interpret and generate the 
symbolism for addition and subtraction has been the focus 
of several Researchers ' efforts. Studies reported by 
Payne (1967) an<3 Hairick (1979) attempted to determine 
whether instruction on written symbolism for addition and 
subtraction should be delayed or ih^roduced early in the 
school mathematics curriculum. Payn^ reported better 
achievement with early symboliaatjW and Hamrick found 
that delayed symboll*£tiQn led to better understanding . 
for students who ^initially xlid not possess the 
prerequisites for understanding the symbolism. The 
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present study somewhat differently addressed the issue of 
children's readiness for the symbolism used for addition 
and subtraction. Rather than assessing children's / 
ability to profit from instruction related to symbolic 
representation of addition and subtraction, the present 
study assesses children' s ^ability, to solve and their 
procpss^s for solving orally-presented abstract problems 
at the kindergarten level and written abstract problems 
at the first-grade level. Consequently, the studies by 
Harorick and Payne, as well as those by Kennedy (1977) and 
Allardice (1977) cfn children's production of informal^ 
written symbolism for addition and subtraction, are J 
peripherally related to th* present study. ) 

Written symbolism in the form of a number sentence 
is one type of model which a child might construct to 

1 9 • 
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represent the information in a verbal problem. Lind^all 
and Ibarra (1979). concluded that being able to solve a 
verbal problem was* a prerequisite for being able to write 
a number sentence to model that problem. Carpenter (Note 
14) also reported that few first-grade children could, 

coordinate their solutions of verbal addition and 

i 

subtraction problems with the number sentence they wete 
required to write to represent the problem. Nearly one- 
fourth of West's ,(1980) third-graders could -not write an 
appropriate sentence tpt a Join/Change Unknown 
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subtraction problem. The difficulties identified in 
.these three studies and in Nichols 1 (1976) subjects 1 
attempts to use number sentences to represent actions on 
objects suggested that writing number sentences was often 
not helpful to young children's solutions of verbal 
problems and that subjects in the present study be 4 
neither required nor encouraged to write number sentences 
in conjunction with verbal problems. 

An individual interview to assess a child's, 
performance on addition and subtraction problems can take 
several forms. Opper U977) describes^/Piaget' s clinical 
method, one diagnostic* tool for studying children r s 
reasoning. In a true clinical interview hypotheses are 
generated about the processes children yse to arrive at 
their solutions and the subject's responses serve as a . 
basis for subsequent tasks and questions from the 
interviewer. Opper also describes a modification of 
Piaget's clinical method which she terms the "partially 
standardized clinical method" (p. 92). This approach 
combines a degree* of standardization with the flexibility 
of the clinical method by using standard tasks but 

v. '- 

allowing the interviewer freedom to be flexible in 
subsequent probing related to the child's response. This 
w*r*the approach used in the present study. 
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Alternatives to the "partially standardized 
individual interview exist and have been* used by * ' 

researchers to study various Aspects of children's 
thinking. Naturalistic observation/ teaching 
experiments, and the case study method (Qpper, 1977; 
Easley, 1977; Stake, 1978) are three of these. However, 
each of these methods has advantages and disadvantages. 

, Individual interviews d6 not generate responses that are 
as spontaneous as those which derive from naturalistic 

„ pbservatibn nor do they provide the depth and breadth of 
data 'found in £he case study approach. Oh the other 
hand, the individual interview procedure minimizes 
occurrences of irrelevant behavior and provides an > 
opportunity to focus on specific; thought processes while 
retaining sufficient generalizability to make comparisons 
between subjects and tasks possible. 

Researchers who have used the individual interview 
procedure with young children have often reported 
difficulty in eliciting or interpreting the child's 
verbalizations^ Menchinskaya (1969) used thinking aloud 
and introspection to study problem solving behaviors of 
f irst-»graders but reported that "verbal description 'of 
their actions was difficult even for the stronger pupils* 
(p. 25). Shchedrovitskii and Yakobson (1975) also 
reported difficulty in identifying f itst-graders ' 
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solution pfo^esses and focused on prohlems^in wfflch 

* - • 

(^children could externalize their method of solution 
(problems presented with objects). Attempts to determine 



wjiy a child chose a particular strategy. or used a given 
operation in tbe computational process of€en have been 




aspects of the individual interview procedure are the 
choice of follow-up questions and v the use of tasks that 
elicit solutions based on observable or easily inferable 
behaviors. l 



Ppper (11)77) pointed out some of the procedural 
difficulties associated with the individual interview 
method. Among these were the possiblity that tTie child 
will not" be at ease and perform naturally £n fehe course 
of dialogue, with, the interviewer, tpe problem of the 
interviewer maintaining neutrality Lnd avoiding, attempts 
to elicit "correct" answers, the child's misunderstanding 
of language that is not adjusted to the child's level, 
insufficient time for the child to- reflect On the problem 
and to develop his/iier explanations, and the necessity # 
for the^Lnterviewef 's Correct interpretation *of the 
child 1 B^ctionfe and responses on 4 which, subsequent 
questions are based. Tfevious researchers' * use of the 

partially standardized individual interview as a means of 

u * 

' - - • * $ 

gathering data on yoQng^ children's solutiafQrocesses for 



both verbal and abstract addition and subtraction 
problems (Carpenter & Mos^_1981; Houlihan & Ginsburg, 
1981) indicated that this method was an appropriate 
method for use in a status study such as the Rresent 
investigation, providing the preceding difficulties with 
the individual interview method were recognized. 
Attempts to avoid or minimize these difficulties are 
described in Chapter III. < 

SjjjDffiflXi * 

k * • 

} The studies discussed previously represent one of 

' ' % 
the two major sources # of input into the procedures^ for 

construction and administration of the interview tasks, 

They provided background information relevant to* the 

numbers used in the problems, to the format in which 

problems ^ere presented and to the environment in whieh 

the problems were presented. A second -source of 'input 

into the procedures for construction and administration 

of the tasks were pilot studies with kinde rgartnere and 

first-graders. The findings of these pilot studies and 

the resulting procedure^ chosen for use in the present 

study are the focus of ^the next chapter. 
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•Chapter III 
EMPIRICAL PROCEDURES 
The purpose of this Study was to provide a y 
description of kindergarten and first-grade children's 
processes for solving certain addition and subtraction 
problems and to compare their performance on items ' 
presented in abstract and verbal problem contexts. This 
chapter presents the questions related to the preceding 
purpose and the empirical procedures chosen to attempt to 
answer tho^p questions. The procedures used were 
selected to identify solution processes. Children were 
individually interviewed, their strategies and errors 
were observed, and appropriate anecdotal data were 
gathered.. 

/ 

\ The study was a cross-sectional status study in 
which the variables of interest were problem presentation 
context, number size, and problem type. The two grade 
levels, two presentation contexts, two number size 
levels, and six problem types are shown in Figure 1. 
Kindergarten and first-grade subjects were both given 
problems in two contexts, verbal and abstract. Within 
each context six problems involved small numbers -and six 
involved larger numbers. A detailed description of the 
six problem types is given in a "subsequent section 
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VI - Join 

V2 - Combine 

V3 - Separate (small difference) 

V4 - Separate (large difference) 

V5 - Join/Change Unknown (small difference) 

V6 - Join/Change Unknown (large difference) 

Al - Canonical addition (a+b= ) 

A2 - Canonical addition ( a+b= ) - 

A3 - Canonical subtraction (swet±t^3TTfe7ence ) (a-b= ) 

*A4 - Canonical subtraction (large difference)' (a-b= ) 

- Second-position missing addend (smal£ difference) 

(a+ =c) i 

A6 - Second-position missing addend (large difference) 
(a+_=c) 

Figure 1. Organization of Variables of Interest 



91) 



1861 

dealing with the tasks used in the interviews. 

The questions of interest fell intp three 
categories. The first category consisted of question? 

concerning the description of children 1 s processes for 

• # 

solving addition and subtraction problems and differences 
in their perfdrmance on abstract and verbal problems. 
Questions in the second category focused on the 
difference ^ performance of kindergarten children, who v 
had not received initial instruction on addition and 
subtraction, and first-grade children, who had received 
initial instruction. The third category dealt with the 
description of individual differences in the solut^n . / 
strategies children exhibit when solving addition and 
subtraction problems. The questions that follow are 
worded as substantive research questions rather than 
statistical null hypotheses to be tested. - 

Problems - 

Prior t'o % comparing performance on abstract ind 
verbal problems it is useful to characterize children's * 
perfprmance on problems in each o£ these two contexts. 
Thus, two Questions in the first category involved 
description of children's strategies for solving verbal 
and abstract problems. 

.• i 

Ouestion 1. What. strategies do children 



in grades K and 1 use Wb solve addition and 

subtractio^ verbal problems? 

Question 2. What strategies do children 

f 

in grades K and 1 use to solve abstract 
. addition and subtraction problems? 
The issue of relative emphases on problems in verbal 
and abstract contexts in initial instruction on the 
.operations of addition and subtraction generated 
questions involving comparison of children's performance 
6n, abstract and verbal problems. Prior to instruction on 
addition and subtraction children 'have experienced 
physical situations involving joining, separating, 
equalizing, and comparing sets of objects. These 
processes form the basis for the problem structure 
distinctions that are possible among various verbal 
problems. If kindergartners base their choice of 
strategy primarily on problem structure one mightj expect 
performance to.be better on verbal than abstract problems 
because cues to familiar processes are provided by the 
physical situation in ver^l problems. As a consequence 
of typical first-grade instructional emphasis on addition 
and subtraction in abstract number sentence format, one 
migjit expect little difference in performance on abstract 
and verbal problems among first-traders. Measures*of 
children's performance would be the frequency with which 
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they use appropriate strategies and the percentage of 

m 

problems solved correctly. 

Question 3. Within each of grades K and 1 
are there differences between children's ability 
to solve addition and subtraction problems 
presented in verbal problem content and their 
ability to s^ve corresponding problems 

v • • i 

♦ presented ifi an abstract context^ 

Children's peirf ormance on abstract arid verbal 

/ 

j^oblems can also be compared with respect to the ^ 
strategies used to solve problems ,in the two contexts. 
Carpenter and Moser (1981)' found that problem structure 
was related to the choice, of .strategy used on various 
verbal subtraction problems. A wider variety of problem 
structures exist for verbal problems than for abstract ' 
^problems, e.g.*7 for^he abstract, problem a-b* one can 

construct several verbal problems involving. either action 

* *" 
or static situations. Because a -wider variety of problem 

structures occur for verbal than abstract problems, it 

< 

was hypothesized that different' strategies may. b„e used 
for n cor responding verbal and abstract problems. « 

* * • Question 4. 'Vithin each of grades K anfi 1 

are there differences between the strategies 

* * 

children use to solve verbal addition and 

* * 

* subtraction problems and those used for 
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* cor responding abstract problems? 1 / , 

A further question concerned differences in 
performance on verbal and abstract problems with small 
numbers and those with larger numbers. Results from 
other jstudies (e.g., Moser, Note 5) suggested that, in 
botl^verbal and abstract contexts, children would use 
different strategies for larger number problems than *f or 

those, with small numbe*s. • . „ 

• * * 

* * 

Question. 5. Are kindergarten and first- 
grade children's strategies for solving verbal 
or abstract problem! different for problems 

with small numbers than for. problems with 
i 

% larger numbers? 

'Another question" was related to the counting 
strategies children use to solve verbal and/or abstract " 
'prdblems. Two conflicting hypotheses have been generated 
to account for children's choices of counting strategies 
on subtraction problems. ^Studies utilizing response 
latency methodology '(Woods, Resnick & Groen, 1975; Groen 
& Poll, 1973) have concluded that children who use a 
counting strategy to .solve an^ abstract problem basl their 
choice of counting strategy (counting ^forward or counting 
backward) on, the relative efficiency of the two counting 
methods. Carpenter and Moser (1981) used direct' 
observation of strategies and concluded that for vejrbal 

1,0, 
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/ • 
subtraction problems in which- the subtrahend was greater 

than th^jpif Terence; when counting strategies are used, 

they reflect the structure of the 'problem, fchen children 

use a counting strategy to solve problems such as 8-6* 

and 8-2* or corresponding verbal problems, they can 

* i 

distinguish among problems by the size of the difference 

between tl(e numbers (i.e., count up "6; 7,^8" for 8-6* 

and countdown "8; 7, 6" for 8-2* ), or they^an choose 

*a strategy that mirrors the structure of the problem 

(i.e., countdown "8; 7, 6, 5, 4, 3, 2" for 8-6* and . 

count down "8; 7; 6" for 8-2* ). Since kindergarten 

children were expected to- use concrete representation 
rather than counting strategies tp solve subtraction- 

problcftns, the following question concerning the influence 

y 

of* efficiency or problem' structure was not posed for the 

• r 

kindergarten level. / 

Question 6. Do f if st-graders who use 

i 

counting strategies to solve verbal and/or 
abstract subtraction problems use strategies 
which mirror problem structure or strategies 
which reflect attention to the efficiency of 
alternative counting procedures? 
QueStiOHS Focusing orv r -M*~ KrzfiMdfi 1 differences 

A second category ^Pquestions was derived from the 
two grade levels in the study. First-grade children who 
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have experienced formal instruction on the operations, of 
addition and subtraction weTe expected to employ more 
abstract solution ^strategies. More abstract, strategies 
are exhibited when,- rather than using strategies that 
concretely represent the problem data f children count oh 
or count back or use a mental strategy such as recall of v 
^ basic fact. Differences in the level of abstraction of 
kindergartners 1 and first-graders 1 strategies for solving 
abstract and verbal problems have not been addressed in 
previous "studies. Such differences are of interest 
because they address children's development of a 
increasingly abstract and efficient strategies and can 
potentially influenfce the problem context used for 
initial instruction. / 

Question 7. Are there differences in the 

* • 

level of abstraction of kindergartners- 1 and. 
first-graders 1 strategies? 

First-graders w£o have received formal instruction 

r> 

on the operations cfe addition and subtraction may have a 
more unified and^abstract concept of these operations 
ttfan kindergartners who haVe jiot had instruction. One 
way bf demonstrating such a unified concept of the 
operations-is by flexibly or interchangeably using 
strategies\hat directly model the problem and those that 
do not.* For example, a child might use Separate From afnd 

• t 
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Counting Up From Given on two Separate problems; the 
first directly models the structure o£\the problem while \ 
the latter does not. The fol^owin^ question addressed * 
potential differences in the flexibility with w£ich 
kindergartners and first-graders use strategies that 
directly model ?>r do not directly model problem 
structure. 

Question 8. Are there differences in the 
flexibility with which kindergartners and <f irst- 
^ graders choose among alternative strategies 

*6flecting and not reflecting problem structure? 
Other r que'stions derived from the cross-sectional 
aspect of/the study pertained to children's errors arid 
mi scope ep^Lons of addition and subtraction. Aside from 
errors/iff omission (guessing or not .attempting the 
problem) , errors exhibited in the solution of addition 
and subtraction problems can be of two types,, procedural 
errors or errors of interpretation. Procedural errors 

V 

include errors such as miscounting and forgetting problem 
data, while errors of interpretation include use of the 
wrong operation or inability to correctly model the 
problem. Carpenter and Moser's (1981) analysis of first- 
graders' errors on verba^ problems documented use of the 
wrong operation but did not detail children's inability 
to model problems. It was expected that as a result of 
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instruction or lack thereof, kindergartners 1 errors would 

r 

be qualitatively different from those of first-graders. 

* * * 

Question 9. * Are kindergartners 1 errors 

of interpretation qualitatively different from 

those exhibited by first-graders?. 

The frequency of occurrence of different types of 

errors on abstract and verbal additioa and subtraction 
* - 
problems is unknown, especially at the kindergarten 

w level. Quantitative differences may also exist between 
the errors of kindergartners and* those of first-graders. 
Question 10. Do various types of errors 
in solving addition and subtraction problems # 
occur with differing frequencies for kinder- 
gartners and first-graders? 
Qu£Sii£D5_P£lt3iJ3iD3^ 

The extent to which individual kindergarten and 
first-grade children differ in their capability for 
solving abstract and verbal problems is unknown, it is 
possible that some children can easily solve pjroblegy^in 
bne conte'xt but not in the other. Also, individuals may " 
differ intheir ability to solve addition problems and*, 
subtraction problems. The solution "strategies children 
use determine another important dimension of potential 
individual differences. If one can meaningfully -cluster 
children according to the types of problems they can 
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solve, and the patterns of solution strategies they use," 
instruption oan be .tailored to thesAindividual ( 

- l • W ' v 

differences/ j 

Question 11. What individual differences 

occur among kindergarten ai)d first-grade children 

in their ability to solve and their strategies. 

for solving verbal and. abstract addition and 

subtraction problems, i.e., within each grade 

level can interpretable clusters of Children be 
V * * ' . ' • • 

formed according to the types of problems they 

can""sblve and the typJs of strategies they employ? 

t 

The remainder of this chapter describes the 
empirical procedures selected to address' the preceding > 
questions. 

Two pilot studies were conducted prior to choosing 
the research procedures for the present study, in the 
first, six kindergartners and twelve first-graders solved 
a variety of addition and subtraction problems with sums 
apd minuends less thsyi 16. The tasks included abstract 
and verbal problems based on the two canonical Open 

sentences, a+b* and a-b« , and the four non-canonical" 

open" sentences, : +b»c r -b«c r a+ «c r and a- «c. 

Abstract problems were presented in a variety of modes r 
including written number sentences and written-oral form 
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(3+2 accomp^niec^by "Bow much is three plus two?"). 
This '^tjidx^Yi^lded 'four conclusions: / 
X) Three of the abstract problem .types, -b=c,/ 

* v 

+b-c, ^and a- =c, and corresponding verbal problems 

were difficult for first-graders. With kindergartners 
these items provided little useful data; subjects nearly 
always guessed or made no attempt to' to solve" the 

a 

problem. This "suggested th£t these problems not be used 
in the study. f * 

2) Some kindergartners relied entirely on 
raanipulatives to solve the problems; others were unable 
to use the objects at^all. * It appeared that 
Kindergartners should be encouraged to use manipulative. 

/ 0 

3) It was feasible to use problems £rom the 
Carpenter and;Moser (1981) study with kindergartners. 
Kindergartners us^d appropriate strategies on 
approximately half of the problems with sums less thah 
ten; Both kindergartners and first-graders exhibited 
many of the strategies identified in the Cfcrpentar and 
Moser study, and kindergartners 1 verbalizations were 
-w##»e£efl ^to d e t e rmin e -feke- otratogi e s they u s ed. ' — ^ — 

4) Overall performance on verbal and abstract < 
problems was cgm^aijpble both' in terms of correct answers 
and use of appropriate .strategies, but differences 
occurred in the strategies used on individual .items. ■ 
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Also, orally presented, abstract problems were less 
difficult than written ones. This suggested that 
abstract problems should, also be read to the kindergarten 

subjects. « 

A second pilot study with sixteen kindergarten 
children provided additional information pertinent to 
children's strategies and to presentation of the tasks. 
This pilot study yielded the following information: 

M None of the sixteen children could correctly read 

the three abstract items,, a+b* , *a-b= , an/d a+ «c. 

This suggested that all abstract items be read to 
kindergarten subjects. The pilot study also suggested 
that use of the word "plus^be avoided in the main study; 
kindergartners more easily understood the language ■ — 

and are how many?". 

2) Less than half of the fhildren used concrete r 
representation with fingers or manipulatives. This, 
suggested that modeling be encouraged among kindergarten 
subjects by making manipulatives available fojj 3II 
problems and by including "warm-up" tasks involving the 

jaanipulatives. The lower success rate 
of kindergartners as compared to the first-traders in 
Carpenter and Moser (1981) also suggested that more 

strategy information could be obtained from the condition 

7 

in which the highest probability of success would occur, 

* # 

110 • . ' 
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i.e., the " "manipulatives available" condition. 

3) Appropriate strategies were used on 25% of the 
abstract items and 53% of the verbal problems. This \^ 
suggested that kindergartners 1 capability for solving 
verbal problems might exceed their capability for solving 
abstract problems. 

4) Several errors not discussed in previous studies 
were identified. Faulty modeling of subtraction 
(modeling both sets and removing one of them), "sequence" 
responses such as "4-3 is 2 because 4, 3, 2 n , and "two- 
digit" errors such as "2+3 is ,23" were encountered. 
These suggested that detailed anecdotal accounts of 
errors, ^particularly errors in modeling, be recorded in 
the main study. ' 

Tw<> standard 'sets of addition and subtraction ? 
problems were administered to e*ach subject; one consisted 
of verbal problems and the. 7 other of ab^tjrac^t problems. 
Complete description of these problems requires 
^specif ication' of three aspects: the structure £f the 
problems, their wording, and thfe numbers used in the 
problems. * 

The term "problem" is used in .the sense of "textbook 
type" mathematical^ problems (Barnett, Sowder & Vos, t Note 

• Hi ' > ■ 
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18). Mathematical problem solving research typically 
uses the term "problem" only when its connection to an 
individual is specified, i.e., a task, is a problem only, 
when it cannot be solved routinely by the individual to' 
whom it is posed f and that individual accepts the task as 
a challenge and attempts to solve' it. In the present 
study addition and subtraction problems were defined by 
their structure 'rather than in relation to ^n individual 
who was attempting tQ solve them. 

A simple distinction can be made between addition 
and subtraction problems. Those problems in which 
applying the operation* of addition to the two numbers 
given in the' problem produces the correct answer are 
defined as addition problems. Similarly, subtjjaction 
ifroblems are those in which .applying the operation of 
subtraction to the ifto numbers yields the correct result. 

Thus f even thougii the problem 3+ »8 contains the symbol 

m + m , itire defined as a subtraction problem. This 
definition. consistent with Moser (Note 2) and Reck 2 eh 
(1956) but differs from other researchers' definitions of 
addition and subtraction, problems .(Van Engen, 1955). 

Addition and subtraction problems can be grouped 
into two large categories acdording to the context in . 
which they are presented to children; this presentation 
context typically is either , abstract or verbal^ Problems 

lis ' * 
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presented in an abstract context are ones in which the 
data in. the problem are presented without being related 

v ' \ ^ 

to any .physical referents^ Examples of abstract problems 

' , ■ are written nymber sentences su£h as 8-2= and oral 

, ' ' ' < i ' \ • 

questions such as "Eight* tajce aw$y two is how many?" * \ 
Verbal problems are defined as problems in which the data 
are embedded in a physical situation, 1 i.e. r there are 
actions on or relationship^ .a^mong the entities or 
physical referents to whiih the numbers in thfe problem 
are' related. For exajnple, sets of toys art the referents 
for the numbers twcJ and eight'in the ver bar problem "Bill 
has two toys. How many toys doesi^ie frave to put with 
them so he hak eight toys altogether? 1 '. In this study, 
the term "verbal problem^T refers tp problems that are 
often called "word problems" or "story problems." % 
Distinct problem structures are created by varying 
aspects' of the relationships or actions on the entities 
4 iri the problem and by -vary^ftg the unknown number or 
question fh the problem. All addition problems used in 

'the study were ones bas^etikjon a+b» . The addition 

problems were alT constructed so that the second addend 
p was the larger of the two, This was done so that it 
• would ^be possible to distinguish children who ifsed a 
counting strategy in which they simply began counting 
with the first number given in the problem from those who 
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used a more advanced strategy of counting on from the 
larger of the two addends. 

The abstract addition problems presented orally.to 
the kindergarten subjects were all of the form and 
are frow many?", and the. abstract) addition problems 
presented to the first-graders were all of the form 

a+b» . Previous research and the pilot studies ^ - 

£ indicated that, because of their difficulty, other 

addition problems such as -b«c or c» -b would be 

inappropriate f or <kindergartners. Hence, only one type 
of abstract addition problem was used. 

The. verbal addition problems consisted of two 

problems based on a+b- but with differing problem 

structures. These were 5oin f problfnte entailing action on 

the problem entities and Combine problems involving 

f " ' 

static relationships among the problem entities; 

Examples of these' are given, in the sample verbal problem 

tasks in Table 3. The Join and Combine problems were 

selected because they provided action and static addition 

problems on which different modeling procedures 

potentially could be used. Other verbal addition 

f 

problems, e.g., those baseS on -b-c or c« -b, are 

difficult for first-graders (Carpenter et al., Note 13) 
and Were not used in a related study (Carpenter- & Moser, 
1981). Thus, the verbal addition problems in the present 



° * 1 is 

ERIC * U4 



Table 3 
Sample Verbal Problems 



Pioblem Type 



Sample Problem 



Addition 
Joi 



>in | 



Combine 



Judy had 3 stamps. He* 
/mother gave her 6 more ^ 
\stamps. How many stamps 

uid Judy have altogether? 

Pred saw 2 tigers. He < 
also saw 5 elephants. 
How many animals did he 
- see altogether? 



Subtraction 



Separate 

(small difference) 



Separate j 
(large difference) 



Join/Change 
Unknbwn 

(small difference) 



Join/Change 
Unknown 

(large difference) 



Mike had 6 kites. He gave 
4 kites to Kathy. How 
many kites did Mike, 
have left? 

Joan had 9 apples. She 
gave 2 apples to Lexo^. 
How many apples did Joan 
hav 4 e left? . • 

t 

Susan has 6 cookies. How 
many more cookies does 
she have to put witth 
them so she has 8 cookies 
altogether? 

John has 2 cats. Bow many 
more cats does he have 
to put with them so he has 
9 cats altogether? 
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study were restricted to Join and Combine problems, those 

& 

p^o^idin^ the greatest liKelihpod of eliciting useful 

data.- ^ , 

'* * » > 

# The s&btraction problems were ones based on either 

the canonical subtraction sentence a-b= or on the 

second-position missing addend sentence a+^_fC These 
prdblems were ones on which first-graders were expected 

to have experienced instruction (a-b= ) as well as items 

on which they were expected to have- experienced no 

instruction (a+ =c). Other subtraction* sentences such 

as a- =c" were* deemed too difficult for kindergarten 

subjects and items such as +b«c were, eliminated because 

of the modeling difficulties associated with problems in 

which the initial set was unknown. 

< 

The abstract subtraction problems presented orally 

to the kindergartners were of the form "V^SSfl^ away 

is how many?" and "^ and how many are ?". The 

abstract number sentences presented to the f irst-grade 3 ?^ 

were of the forms a-b« and a+ »c. At both grade ^ 

levels* within each type of subtraction problem a further 
distinction was made between problems in which the 
dif%ference between the minuend and subtrahend was smaller 

than the subtrahend ancTthose, in which the difference was 

\ 

larger than the subtrahend. Henceforth, the former are 
referred to as "small difference" problems and the latter 
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as "large difference" problems. -' 

The subtraction problems u^ed in the" verbal problem 7 

^ - 

interviews were Separate and Join/Change Unknown 
problems. These problems both "involve action but have . 
different structures; the Separate" ^nd Join/Change,' 
Unknown problems correspond to Gibb's (L956) "taTce away' 1 
and "additive" subtraction problems. Within each of 
thesi verbal problem types a distinction was again made 
between problems in which, the difference 'between the 

« £ 

minuend and subtrahend was smaller than the subtrahend • 

* p 

arid those in which the difference was larger ^fchan the 
subtrahend. m Thus, four types of verbal subtraction 
problems were used in the ^erbal problem interviews. 
These problems are -referred to as Separate (small 
difference). Separate (large- difference') , Join/Change 
nknown (small difference) , an^ Join/ Change Unknown 
(large difference). 

The four types of verbal subtraction problems were 
selected for several reasons. Instruction on subtraction 
is commonly introduced via separating sets of objects; 
thus, the Separate problem. was appropriate for use with 
l^indergartners and first-graders. The Join/Change 
Unknown problem provides a contrast to Jthe Separate 
problem beacuse it ys worded additivelt and may elicit 
different strategies. Bdth of these ^problems have been 
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found to be less difficult than static subtraction 

problems such as Compare and Combine/Part Unknown 

problems {Carpenter et al. f Note 13). The Separate and 

Join/Change Unknown problems also were chosen because 

they can^ be mapped unambjlguotfsly onto number sentences of 

the form a-b« and a+ «c. Such a mapping is not 

possible for Compare £*d Comb ine/J>arfcJ£x>kn own problems 

but is necessary for comparing children'^ performance on 

• ^ 

verbal pToblems and their abstract counterparts. Small 
and Jtarge" difference problems were included to provide 
pairs of problems fo* which different counting strategies 



J 



were the most efficient (Question 6) * r 
gpfmat and Wording Of tfrP problems 

In previous studies children's perf ormalujejan v 
horizontal and vertical ni^nber sentences has been 
comparable (Beattie & D^ichmann, 197 c 2; Engle. & Lerch, 
1971). Since the subjects' instruction hc^d utilized- 
horizontal number sentences, horizontal format wag used 
exclusively in the present study. 

The wording of the Join f Separate, and Join/Change 
Unknown problems was varied by using several different 
nouns irr each problem type. Different names such as 
Susan or Leroy and different Objects such as kites or 
pencil a were used/ Two different types of Combine 
problems were used in each subject's verbal problem 
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interview. One involved a reference to objects for which 
the subordinate and supr aordinafe classes were similarly 
named, ,i.e, , sugar donuts, plain donuts, % and donuts, and 
the other involved objects for which the supr aordirjate 
class carried a different namk from that of the 
subordinate classes, i.e. tigers, elephants, and 
animals.. Previous research (Bolduc, 1970; Kell^rhouse, 

'1975; Steffi, Note 19) was inconclusive regarding the * 
effect of such. varying of the names of the objects in 
addition problems. Informal observations from the pilot 
studies suggested that children responded similarly to 
these two types of problems, and thus no attempt was made 
to vary problems systematically ^fclong this dimension. 

Appendix A -contains the complete list of stems used to' 
generate the verbal problems/ f * 

In each problem two Bombers were given as part of 
the problem data. ' These twb numbers we^e elements of a 
number triple (x,y, z) defined by x+y*z, with x<y<z. Two 
sets of number triples were chosen for each grade ievel. 
Th# criteria for selection of these number triples 
included: v - f 

1) "S»all" numbers and "larger" numbers were 
included at each grade level so that some problems 
involved numbers with which ttte subjects had had 

>. no 
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substantial experience an<3 others involved numbers that 
the subjects had used lesS frequently. Number triples 
with the sum, z, less than* six were designated a& the \ 
small numbers for kindergartners and triples with 5<Tz<10 
constituted both the larger numbers for the kim^rgarten 
subjects as well as the small numbers for the first-* 
graders. The larger numbers for thfe first-graders 
involved number triples with 10<z<16. Since only a few 
number triples with sums -less than six met the preceding 
criteria, it was necessary to use f >each of the thre^ small 

number triples at the kindergarten level twice within 

♦ 

each set of six problems involving small numbers. 

2) Number triples involving doubles, e.g., (3,3,6), 
were not used because they generate problems which are 
less difficult and not representative" of- a^f&ition and 
subtraction problems using other number triples CGroen & 
Parkrian, 1972; Svenson, .1975). 

)3) No addends were zero, \and addends iofNorrre~ - we re 
included only for the small number ^jrtjfche kindergarten 
level. , 

4) Consecutive addends were avoided so that the 
difference between z-x and z-y was as large as possible. 
This offered the maximum likelihood that subjects would 
use different counting strategies on the subtraction 
problems z-x- and z-y- (see Question 6) . 
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The number triples used for small-; numbers at thfe' * 
kindergarten level wers (1,3,4), (1,4,5), and (2,3,5). 
The six number triples which served both as the larger 
numbers for kindergartners ^nd the smaller number^ for 
first-graders were (2,4,6), (2,5,7), (2,6,8), (3,5,8), 
-(7,7,9), and (3,6,9). The number triples^ used for the 

« 

larger numbers at the first-grade level were (3,8,11), 
(4,7,11), (4,8,12), ' (4,9*13) (5,9,14), and (6,9/15). 

Latin ^squares were used to generate six orders .for 
the assignment of number triples to problems. Since only 
three number triples were available for use in problems 
with small numbers at the kindergarten level a partial 
Latin scjuare procedure was used to assign the three 
h number triples to the six int^fcview problems at that 
level. Care was taken not to allow the same number 
triple to occur twice on any given type of problem, e.g., 
the triple (1,4,5) did not occur on both verbal or both - 

abstract problems based on a+b* . The number triple 

orders used in the study appear in Appendix B. 

Six task orders were used to minimize any order 
effect in the administration of the interview problems. v 
A modified Latin square yielded six different task orders 
for the six problems involying triples of a given number 
size level. The Latin square was modified so that no 
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problem of the form a+ *c appeared as the first 

interview task at either of the number size levels. This 
was done so'that-the first problem a child recjeived^woiKLd 
4 not. be unfamiliar. The six task orders appear in , , 1 
Appehdix C. Four different task orders were used for ' 
each subject, one^for each six-problem half of ttje verbal 
problem interview and t>ne for each half of the abstract 
problem interview. 

The item sterol in Appendix A r the six number triple 
orders for each number size level given in Appendix B, 
and the six task orders in Appendix C were used to 
construct a set of problems for each subject. Since each 
subject was given four* sets of six problems (verbal* 
problems with small and larger numbers and abstract 
problems with small and larger numbers) it was necessary 
to ensure that no subject received any task order or 

4 

number triple order more than once. , Within this 
constraint, the task orders and number triple orders were 
uniformly and randomly distributed twice within each 
group of three subjects,* For example, task Order #3 ^ 
appeared twice among the first three subjects as did 
number triple order #5. A deck of problem cards was 
prepared for each subject to ensure that the appropriate 
tasks were administered in the assigned order. Appendix 
D gives the specific verbal and abstract probleids used in 
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the interviews with one kindergarten subject and one / 
first-grade , sub ject. * i ^ 

The sample consisted o£ 50 kindergartners (21 male, 

29 female) and 54 first-graders (29 male, 25 f emale*) . f rom 

i 

two rural/small town midwestern schools. Thirty-two 
kindergartners and 34 first-graders were from School A 
and 18 kindergartners and 20 first-graders were from > 
School B. These 104 children comprised the entire 
population at these grade levels who had returned 
parental consent forms. The range <X ages for the 
- kindergarten sample was 5 years 5 months to 6 years 8 



flths 1 ; with a mean of 5 years 11 months. The range for 



; the first-grad<e sample was 6 years 5 months to 8 years 4 
Ttaonths with a mean of 7 years 0 months. 

Subjects were selected from the kindergarten and 

i ' . 

first-grade levels because kindergartners generally do 

/ 

not receive formal instruction on addition and 

k 

subtraction while first-graders typically do receive such 
instruction. Schools A and B were Chosen because of 
£ their willingness to participate in the study, and because 
. \hey differed from the schools used in a related 
> investigation (Carpenter fi^JJoser, -1981) • Subjects in the 
■ present sturdy differed demographies! ly from the 
middle/upper-middle class subjects of the Carpenter and 

*' ^ " * . n # 

' , *• ^ * X <L o * 
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Mds£r study; School A had extensive Title I programs and 
School B was predominantly rural. An attempt was made to 
choVse schools that used a mathematics program different 
from Developi ng. Mathematical Processes (DMP) (Romberg, 
Harvey, Moser & Montgomery, 1974) . School A used _ 
Mathematics in Our World (Eicholz, O'Daffer, & Fleenor, 
197 8) and School B used Mathemati cs Aro und ys (Gibb & 
Casteneda, 1975; Bolster et al., 1975). These programs , 
provided a contrast to the focus b~n verbal problem 
solving and use of manipulatives in DMP. This contrast 
enabled' the present study to. provide Jata concerning the 
generalizability of a portion of the Carpenter and 'Moser 
.study to another sample. 

' " instru ctional" Bac kground of the SiibJfifitg 
Information on the subjects' instructional 
backgrounds was obtained from teacher interviews 

4 

cc^dupted after the student interviews were completed. 
The teachers described emphases they had placed on * 
sections of the text, supplementary activities used r and 
the extent to which manipulatives were available and used 
in the classrooms. All teachers reported that they 
attempted to use the approaches suggested in the texts. 

Kindergarten children in School A had l?een 
instructed on "readiness work" for addition and 
subtraction. This consisted of -exercises in ft^ich 
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pictures showed "two sets of objects, e'.g., three red cars 
and two blue cars, and the child was required to 
determine the number of objects in each- set and the*total 
number of objects. "Subtraction readiness" p/obleyps that 
required the child first to determine the total nutaber of 
objects and thtfn the number of objects in each subset 
also were included. These exercises embodied a static 
interpretation of addijtion and subtraction focusing on r 
^J^^ J relationships between the whole and its partes rather than 

active joining and separating of sets of objects. 
Kindergartners in School A had .often used manipulatives 
in their mathematics activities but the use of, fingers 
for counting had never been explicitly mentioned. 
, Kindergartners in School B had less experience with 
nrafiTpulatives and had done no formal readiness activities 
for addition and subtraction. This class had, however, 
discussed "ways of making" feach of the new numbers they 
studied, e.g., when learning the number 6 they identified 
sets of 1 and 5, sets of 2 and 4, etc., with objects or 
pictures. "Taking away" and "adding on" had not been 
discussed. 

In contrast to the kindergarten classes 1 emphasis oi^ 
static representations of addition and subtraction the 
first-grade "instruction in both schools had focused 
-prf^^ily on the actions of joining and separating sets 
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of objects*. In School B sets of objects were used for v 

.the initial introduction of addition and subtraction but 

most, classroom work involved pictorial representations or 

abstract number sentence*, ^fl^dren in School B were not 

encouraged to use ^ieir fingers for modeling. 

Manipulatives and the number line were used frequently in 

School 'A," and in one of the two classes, children yere 

encouraged to urse their fingers when necessary. 

The first-grade teachers in both schools indicated 

they had not included explicit instruction on counting 

strategies such as Counting On From the Larger Addend. 

However, they indicated that discussion concerning 
* 

counting pn and counting back took place with individuals 

» > 

as tha opportunity arose. Suggestions such "Couldn 1 t 
you just start "at 4 and say '5, 6, 7" wer|p offered to 
children who questioned the possibility of beginning the 
counting sequence At a number other than one. 
^Suggestions about counting on and counting back were not 
systematically introduce nor were they made to all 
students. 

, Kindergartners in both schools had studied numbers 
up to ten. First-f<aders in botji schools had done drill 
activities on addition and subtraction facts with sums 
and minuends less than* ten. Children in School A 
occasionally had encountered problems with sums from 11 

«. 
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through 15, but no^rtterapt had been made to commit these 
facts to memory. In both schools first-graders had 
received no instruction on missing addend problems. One 
twenty-miftute lesson on writing number, sentences to raotfel 
verbal problems occurred in one first-grade class in • 
School A; this was the only formal experience any of the ' 
subjects received on verbal problems. of the type used in 
this study. • 

The partially standardized clinical interview 
(Opper, 1977) was used in the present study. Each f£enN 
of a pre-determined set of problems was presented to the 
subject and the subject's response to the task was 
observed and coded by the interviewer. When the child's 
solution Process or answer was ambiguous, the interviewer 
asked n/obing questions in an effort to elicit a clearer 
description of how the child solved the ptoblem. The 
emphasis in this type^bf interview was on understanding 
how the child solved addition and subtraction problems. 
This method was selected because it provided both 
uniformity among the tasks and flexibility in the 
questioning used to clarify subjects 1 response^. 

In the interval from March 10/ to March 25 each v 
subject was individually interviewed *on two occasions, 
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once to solve twelve abstract ^problems and once to solve 
twelve verbal problems. These interviews were done on 
separate days r often with more than one day's time 
.intervening. The order of administration of the verbal 

and abstract problem interviews was counterbalanced so 

> 

that a randomly selected half of the subjects at each . 
ft 

grade level received a given type of interview first. 
Each* day 1 s* interview lasted 15 to 30 minutes. Subjects 
were individually interviewed by one of thj^e^trained and 
experienced interviewers: the experimenter r a 
mathematics education graduate student, and a research 
^specialist. 
Mode of Presentation of the Problems 

When problems are presented iA either verbal or 
abstract context the mode of presentation can vary. For 
example, the mod^can be oral, written, physical or 
concrete, or pictorial. The extent of the child 1 s and 
the interviewer's involvement in the presentation of the 
problem varies across these modes. Orally presented 
problems are read by the interviewer while written 
problems are usually read by the child, and in the 
physical and pictorial nodes the interviewer uses objects 
or pictures- to model for the subject s<Jme of the data or 
relationships- in the problem^ When the interviewer 
models a portion of the problem for the child, the 
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child 1 s solution process may be influenced by the 
experimenter r s actions and m$y no longer" be spontaneous. 
Thus, the present study used neither the physical nor the 
pictorial mode for presenting problems to the subjects. s 

The addition and subtraction verbal problems were 
presented, orally to both kindergarten and first-grade 
subjects due to the subjects' .limited proficiency in 
reading. The verbal problems were read to the, child from 

m 

cards and re-read upon request as. often as necessary to 
ensure that the child had an adequate opportunity to 
remember the numbers and relationship in the problem, 
Other studies (Carpenter & Moser, 1981; Ginsburg & 
Russell, - Note 1) successf ully used oral presentation of 
verbal problems and the pilot studies also indicated that 
such a presentation mode was appropriate for subjects in 
grades K and 1. < 

Verbal problems were read in their entirety rather 
than being read sentence-by-sentence with pauses designed 
to have the child moder the information in each sentence 
immediately after it was read. Reading the complete 
verbal problem was consistent with €arper$er and Moser 
(1981) and in contrast to the procedures used bytindvall 
and Ibarra* (Note 7). Lindvall and Ibarra reported that 
kindergartners made few meaningful responses when 
problems were read without an extended pause after each 
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sentence. However, one must be cautious of this result. 

Some of ttreir item types were problems based on +b*c 

and _-b»c, problems consistently difficult even for 
children beyond the kindergarten level.. Also, the pilot 
studies demonstrated that many kindergartners fifiiild make 
meaningful responses to the verbal problems used in the 
^s£udy. Major pauses that are built into the reading of a 
verbal problem can influence a child's strategy. For 
example, if one reads, "Johp had 8 pennies, (pause, 
waiting for the child to construct a set of eight 
objects) Jle gave 6 pennies to Mary, (pause, waiting for 
the chilfl^to separate 6 of the 8 objects) How many 
pennies did John have left?", one discourages the use of 
an Addijig-JDj^trategy, i.e., with the pauses included the 
chilfl would be unlikely to solve this problem by 
constructing a set of 6 objects and adjoining additional 
ones until a set of 8 were formed. When the entire 
problem is read without pauses, the Adding On strategy at 
least becomes plausible. Consequently, no extended 
pauses were built into the reading of the verbal 
problems. 

4 ^Abstract problems wer* presented orally to the 
kindergarten subjects because kindergartners in the pilot 
studies were unable to read number sentences such as 
2+3« . Oral presentation of both abstract and verbal 

V 
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problems made the mode of presentation .of these problems 
comparable, although it did /ot provide a measure of 
kindergartners' ability, to interpret abstract problems in 
written symbolic form. 

^ Since firfft^g^de instruction on abstract addition 

and subtraction typically employs written number 
sentences and since other studies' (Lindvall & Ibarra r 
1980; Weaver, 1971) presented abstract problems in number 
sentence format to f irst-graders, the written number 
/ sentence mode of presentation was used with the first- 
grade subjects. Houlihan and Ginsburg's (1981) results 
suggested that first-graders exhibit similar performance 
on oral and written abstract addition problems; thus the 
difference between the presentation modes of the verbal 
and abstract problems (oral and written, respectively) 
was not expected to influence first-graders' performance. 

^ Furthermore, when first-grade subjects were shown an 

abstract , problem, they were required to read it prior to 
solving it, and their reading was corrected by the 
interviewer when necessary. Although this was done to 
ensure that the child* was solving the intended problem 
rather than some misirrterpr etation thereof, it also 
served to make the presentation modes of the verbal and 
abstract problems more comparable. 
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Material s Ava ilable to the Subjects 

Previous studies indicated that children's 

performance on addition and subtraction problems is 

better when roanipulatives are, available to model the 

problem data and relationships .than when no objects are 

available. Making manipulatives available to the 

kindergarten subjects and encouraging their use was 

expected to increase the likelihood of obtaining useful 

data on their strategies and to aid in the interpretation 

of children's strategies. Because the problems were not 

expected to be as difficult fpr first-graders and because 
i 

there are potential differences in the strategies 
subjects might use in the presence or absence of 
manipulatives, half of the f i^pst-graders were randomly 
selected to have; manipulatives available during the 
in€erview. The remaining first-graders were not given 
objects, but, as with all subjects, were allowed to use 
their fingers or objects in their field of vision to 
assist in modeling or representing problems. 

Subjects were neither required not allowed to use 
^ paper and pencil' to model the' problems in written 
symbolic form. While it is true that problems can often 
be solved by translation inta mathematical 1 symbolism, 
such modeling is not easy for young children (Allardice, 
1977).. Carpenter, Moser and Hiebert (Note 20) foulid that 

i 
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many children When required to write number sentences lo 
model problems, often did so only after solving the 
problem. Thus, the written mode of representation was 
not used. 

Twenty cubes, ten orange and ten. blue, were 
available to the kindergartners and to half of the first- 
graders. These were placed on the table after the warm- 
up tasks and it was suggested that the child could use 
them to help answer the questions. Whenever possible, 
cubes used by the child were pushed back into the pile 
after a problem was- completed. This was done to avoid 
mistaken use of the results of a previous problem in an 
attempt to solve subsequent ones. 

An "Oscar the Grouch" doll was usech as a prop for 
the interviews with kindergarten subjects. Children were 
,told that Oscar needed help listening to and answering 
questions about some number stories. At times children 
were encouraged to explain what they did "so Oscar also 
would know what to do." • 

Interviews took place in a room near the child's 
classroom. During the interview the child and the 
interviewer sat at a table that containe^Hhe materials 
used in the interview. After some initial Conversation 
to put the child at ease, three warm-up tasks were 
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administered. One was a sorting task designed to . 
encourage the 1 " child to manipulate objects, to encourage 
verbalization, and to provide a "success experience." 
The second was a counting task designed t^ determine 
whether the child could accurately enumerate several sets 
of objects. The third required the child to construct 
sets of objects with required numerosity. Complete 
protocols for these tasks are given in Appendix £• 

« Car% was taken to avoid any reference to addition or 
subtraction in the warm-up tasks. . Although two of them 
involved counting and the use of cubes or fingers to 
represent sets of objects, no reference was ) made which 
tied these tasks to suBsequent addition and Subtraction 
problems. It was hoped that these tasks would encourage 
f % the use of objects or fingers by subjects who otherwise 
might have been reluctant t;a use them. 

Following the warmrup tasks, the child was given two 

i 

sets of six problems involving different number sizes; 
problems with the small numbers were administered first. r 
Subjects were given ae much time as they needed to solve 
each problem. When the interviewer was unsure of what 
the' child had done,, some general questioning techniques 
were used. . This interaction varied from child to child 

and waQ dependent upon the child's actions and/or 

I 

statements. An initial follow-up question was generally 
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of the form, "How did you get that answer?" or "How did 

you decide was the answer?". Questions such as "Did 

.you count?" were not used because such a suggestion of 
counting might have encouraged the child to describe a 
counting process even if one had not been used. Instead, 
questions such as "What were you thinking about , when you 
did that one?" or "Were you thinking of any numbers to 
yourself?" were used. If children volunteered that they 
had been counting* then "Did you count forward or 
backward?" or "What number did you start counting with?" 
were appropriate questions. The questioning was designed 
to elicit explanations; when it confused the child or the 
child was unable to explain, the interviewer proceeded to 
the next problem. Prptocols for the addition and 
subtraction tasks are given in Appendix E. 

A final task, similar to the first warm-up task, 
involved sorting geometric pieces and was administered 
prior to the child's return to class. This proviited 
* another sucdess experience and created a situation in 
which the last task performed before returning to class 
(and perhaps Jhe one best remembered), was n£i an addition 
or subtraction problem. 

Ceding of Res pongee 
During and/or after a subject's attempt to solve a 
problem four categories of behavior were coded. 
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/Correctness of the response, attempts to model or 
represent the problem, the solution strategy, and errors 
were recorded along with pertinent anecdotal information. 
Appendix F cohtains the coding sheet used for the 
interviews. The preceding four categories are not 
mutually exclusive; the relationship^ among them are 
described in the following sections. 

Subjects' numerical responses were coded as either 
correct or incorrect. When a subject obtained a correct 
answer by some incorrect procedure, e.g., obvious "wild 
guessing" or/mscounting in which the second error offset 
the first, ~that response was coded as incorrect. When 
subjects stated that they could not do the problem and 
gave no numerical answer, No Attempt was recorded and the 
intervWwer proceeded to the next problem. 
M pdel or R epresentation £f_^hg_Pxflblem 

A child models or represents a problem by changing 
the modality in which the components of the problem are 
given to some modality in which it is convenient to carry 
out the solution. Addition and subtraction problem 
components, i.e., the numerical quantities, the 
relationship and/br operation connecting the numerical 
quantities, and the relationship of the unknown 
quantities to the known quantities (Moser, Note 2), can 
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,be represented in modalities • siich as physical objects or 

^ • ' : • . 4 ' « . 

^pictures, written prose, abstract symbols, or internal 

mental imagery. In. the* present study-problems were 

presented in verbal-spoken" or abstract symbolic mode. ~ 7 

Pilot studies and -previous research (Carpenter*** Moser, 

1981) indicated that kindergarten and first-grade 

children often model or represent such problems either by 

using physical objects or. by using no visible 

representation, in which case some form of mental 

representation presumably takes place.' The coding 

catego*4es for describing the, models subjects employed ^ . Q . 

are described in the following/sections. .A 

>lit2£S. Manipulative objects' can be used in two 

ways. Cubes can represent sets described in the problem 

or numbers given in the problem.- A set of 'four cubes 

might represent the "4" in 'tRe problem 4+ -11, or - 

represent a set of four stamps* in a problem that begins, 

"Susan had four stamps* " The child's interpretation or 

representation of the action on or relationship between 

sets given in the problem or of tlie. ope^tiQn on the 

numbers given in the problem is realized by actions 

performed on the cubes. 

Cubes can also be used in conjunction with a* 

Zting strategy tfiat requires the child to. keep' track 
he number of counting words uttered.' For*^xample, if 



137**. > s 



[1241 

♦ 

a child begins counting from four .and counts "five, six, 
seven r eight, nine, ten, eleven, ■ seven cubes might be t 
set out one-by-one \o kee|^track of how many counts were 
uttered. In this case the cubes are not initially used 
to represent seven objects, but as counters to represent 
number words. 

Fipqers . . Fingers also can be used in two ways in 
the modeling process. They can represent the seta of 
numbers described in the probAn or they can keep track 
of the numbers uttered in a counting sequence. 

flQ vifeible model . This category was used when no 
discernible mddel'or visible representation of the 
pttfolems wets^apparent from the child's actions or 
statements. In such instances it wa-s inferred from 
subjects, 1 behavior or explanations that they were either^- 
recalling memorized information such as addition or 

r 

subtraction facts, using some mental manipulation of 
number facts or number properties, rhythmically keeping 
track of some counting sequence, 'or using some type of 
mental imagery. 

* QthfiE lttOflfilg « Occasionally children visually oy 
taetilely use other .objects as models When representing a 
problem.. This especially occurs when more than ten 
fingers are needed to represent the sets or numbers in a 
problem. Examples of other models are light bulbs, books 
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on a shelf, floor tiles,/ or buttons or patterns on 
articles of clothing. This category also was used when 
children reported that they visualized a number line on 
the] table top and used that to model the problem. 

It is possible for a child to use more than one 
model to represent a single problem. In such instances 
two or more categories- of model are^coWcfT^ Children 
occasionally begin to use manipulatives or fingers and 
then abandon them in favor of another mode of 
representation. A decision was made to include the 
initial model * only if it was apparent that the initial 
attempt was used in some way in the solution strategy' 
ultimately employed. For example, if a child's actions 

when* solving 4+ »11 entailed first forming a set of two 

or three cubes and then saying, "Four plus seven is 
eleven, so the answer is seven, ■ the initial attempt to 
model the problem, using cubes was judged not to have 
entered into the solution strategy and the category for 
"no visible mode.1," was co # ded. 

* 

solution Strategy 

Once a child uses either a physical or mental mode 
of representation to model the components of addition 
or subtraction problem, some action is performed, on that 
representation. This action can be either physical or 
mental and constitutes the* child's solution strategy. 
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Included in such mental actions are recalling an addition 
or subtraction fact or engaging in a particular type of 

counting. The physical actions that comprise solution 

/ 

strategies often involve manipulations of physical 
objects. These physical and mental actions on 
representations serve to characterize the processes 
children use to solve addition and subtraction problems. 
Xhey are not^intendecrto describe in detail all of the 
mental -and physical processes a child uses when solving 
problems. For example, Case (1978) uses the term 
strategy to include processes such as looking at a 
numeral in 9 written $>robl em , storing that symbol in 
meinbry, and- so forth.. Such a detailed level of 
description of strategies was not appropriate for the 1 
present study 'Brace it would not have. enabled one to 
observe or confidently infer that a child was actually 
perf ormingisuch actiops. On the other hand, global 
strategy categories such as "a^Jds given numbers" offer 
little usefoli ii^ormation when describing difference^ in 
the processes children use; to solve problems. The 
strategy^ categories in the present stucfy .represented 
qualitatively different solution procedures that could be 
observed or easily inferred from children r s .actions and 
explanatiorisf 

It was assumed that a subject used only one strategy 
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to solve a problem. In some cases a strategy was 
initiated and then abandoned; in such instances the 
interviewer coded the strategy that yielded the solution 
of the problem. If no solution resulted, the last 
strategy used was coded. Coding categories for 
strategies were derived from pilot work and previous 
research (Carpenter. & Moser, 1981), Strategies 
appropriate for addition problems are given first, 
followed by strategies for subtraction problems and 
strategies appropriate forHx>th addition and subtraction 
problems. Strategies for addition problems are described 

in reference to the problem a+b» with a<b. 

Counting AH. Counting All is a strategy that 
concretely represents the problem, it involves* 
construction of two sets, one for each addend. These are 
coimted out "1, 2, a" and "1, 2, b. ■ The union 

of the two sets is counted "1, 2,* a+b, ■ and can be 

formed in three ways: 

1) The <frnion is formed incrementally as the child 
simultaneously models the second set and adjoins it to 
the first. The first set is formed and counted, the 
second set is modeled and counted while is' adjoined 
one object at a time to the first se£f and the union is 
then counted. This is Counting All with ane set. 

2) The union is formed by adjoining the second set 
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fi DJflfl flfi t0 the first. In this case the second set is' 
counted before it is adjoined to the first set. This is 
Counting All with ±u£ sets. 

3) The union is formed implicitly, but no joining 
action takes place. This is a>so Counting All with £k£ 
sets. 

S unitizing. Having modeled the. two sets 
corresponding to the addejpds it is sometimes possible for 
the child to perceive the numerosity of the union set 

4 

without having to count each member of that set. 
Subitizing occurs when the size of the union set is 1 N 
small, usually less than six or seven, or wh4h fingers 
are used as the modeling device and the five fingers of 
one hand are perceived immediately. . 

Counting On From First (Smaller) Addend, In 
contrast to Counting All and Subitizing, in which sets or 
numbers in the problem are represented concretely, 
Counting On From First (Smaller) Addend employs a 
sequence of counting words to determine the solution to 
the problem. The counting sequence is forward, begins 
with the smaller addend or its successor, and ends with 
the sum, e.g., "(a), a+1, a+b." The child knows 

when to stop by keeping track of the number of counting 
words recited; this tracking may be done mentally or by 
using fingers or objects. 
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Counting Op From Larger Addend. This counting 



strategy is identical to Counting .On From First (Smaller) 
ft 

Addend except the counting sequence begins -with the 

larger addend -or its successor, "(W, b+1, a+b." 

* « 
This corresponds to the Min(a f b) strategy described in 

studies employing, response latencies (Suppes & Groen, 

1967) . Counting On From First (Smaller) Addend and 

Counting On From Larger Addend were referred to as 

■partial counting" by Brownell (1941) and "counting on" 

by Steffe et al. (Note 15). 

The strategies specific to subtraction problems are 
given next; These are described -in reference to the 
problem a-b« . ^ 

Sepflrgte FrPIP- The child uses manipulatives or 
fingers to construct the larger given set and then takes 
away or separates, one at a time, a number of objects o* 
fingers equal to the smaller given number. Counting (or 
subititZing) the remaining k objects or fingers yields the 
answer. Three counting sequences are u6ed: "1, 2, .., 
a", "1, 2, b", and "1-, 2, a-b." 

Counting Down Frpm. 5 This strategy is the counting 
counterpart to Separate From and involves the use of a 
backwards counting sequence beginning with or from the 
larger number (minuend) and involving as many counting* 
number words as the given smaller number (subtrahend). 



M301 

The counting sequence is either "a, a-1, a-b+1" or 

■a-l,'a-2, a-b.* In this strategy the child does 

not concretely represent the problem but uses a sequence 
of counting words to determine the answer. 

S eparate To , This strategy is similar to the 
Separate From strategy except that the separating 
continues until the smaller given quantity is attained 
rather than until it has been removed. Counting or 
subitizing the number of objects or fingers removed gives 
the answer. For example, a set o£_a objects would hfc 
formed , and azh objects would t>e removed until b objects 
remained. Usually only two counting sequences are 
employed; "1, 2, a", objects axe removed (those 

remaining might be counted to check th&t objects 
remain) and those removed are counted, "1, 2, a-b." 

Counting Down To , This strategy is the counting 
counterpart to Separating To and is similar to Counting 

Down From except t?hat the counting sequence ends with ^the 

u 

smaller given number. Two counting sequences are 
* 

possible, "a, a-1, b+1" or "a-1, a-2, b." 

Adding On, Adding On involves modeling the smaller 
given number (subtrahend), increment fff?j that initial set 
until the number of objects is equal to the larger given 
number (minuend), arid then counting or subitizing the 
number of objects added on. Three Counting sequences are 
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* 

used: "1, 2, . .., to", objects are added on while the 
counting continues "b+1, b+2, . ..^a", and finally, the 
objects that- have been added on* are counted, "1, 2, 
a-b." 

Counting. U2-ZLQBL Giygn. This strategy involves 
forward counting beginnihg from the smaller given number 
(subtrahend) and ending withfthe larger number ^minuend) . 
The child determines the answer by keeping track of the_^ 
number of counting words uttered; this is done mentally 
or with fingers or objects. The typical counting 
sequence is "b+1, b+2, a." r 

Ha tch ing- This s^ategy requires the use of 
concrete representation. The child forms two sets of 
objects, each set modeling one of the sets or numbers 
given in the problem. These sets then are placed 
physically or visually in one-to-one correspondence,^ and 
the answer is determined by counting or subitizing the 
unmatched objects. , The counting sequences are: "1, 2, 



• • , a , 



"- "1, 2, b"; and "b+1, b+2, a-b." 



Carpenter and Moser (1981) observed this strategy 
primarily on Compare problems. Since these problems were 
not included in the present study, this strategy was 
expected to occur infrequently, if at ail. 

Two mental strategies can be used for both addiJfcipn 
and subtraction problems. These are described next. 
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BUB b ftt Fact . This strategy is coded when the child 
produces the answer by recalling an addition or * • 

subtraction fact such as "nifte minus three is six." This 
category is used wheh the child States the number fact or 
responds quickly with the answer and gives the 
justification, "I jtffrt know that^" Number Fact is coded 

o 

when either an addition or subtraction fact is used. If 
a child generates an incorrect answer by using an 
incorrectly recalled fact such as "two plus six is 
seven," Number Fact is coded, the incorrect fact is 
recorded, an4 "incorrect" is coded for correctness of 
response. \ 

D erived Fact . This strategy involves mental 
manipulation of a known number fact to derive a number 
combination needed for determining the answer. Typical 
examples of the Derived Fact strategy are those using 
facts involving ^doubles, ^or example, "Six plus six is 
twelve, so six plus eight must be fourteen," and those 
using a combination involving ten, e.g., "I know that 
four plus six is ten, so four plus seven must be eleven." 
When this strategy is coded the interviewer records the 
specific explanation given by the .child. Strategies of 
this sort have* been labeled "roundabout procedure" by 
Smith (1921)', "solving" by Brownell (194U, and "indirect 
memory" by Houlihan * Ginsburg (1981) . 

"' he ■ , '■ J 
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Several inappropriate strategies were coded for both 
addition and subtraction problems. These categories are * 
described next* f 

^ Guess, This strategy is inappropriate and generally 
dqps not produce a correct answer; When a correct answer 
is achieved as a result of an obvious "wild guess," Guess 
is coded and correctness of response is coded as if the 
child's response had been wrong. Evidence for guessing 
can be the child's statement to that effect or little 
evidence of thought in generating a quick response' with a 
number that may or may not be close to tjie actual answer. 

Given Numfrer. This is an inappropriate strategy in 
which the child responds with one of the numbers given in 
the problem. The interviewer must determine that the 
child generated the answer by^fciyjosing one of the numbers 

k given in the problem rather than by miscounting when 
using some other strategy or recalling ao incorrect 
number fact. When subj^etrfl^respond wi£h a number given 
i/i the problem and report that they have "guessed/" Given 

.Number is coded. 

Wrong Opeyat^pn* This category is coded When the 
child adds the two numbers given in a subtraction problem 
or subtracts the numbers in an addition problem. The 
strategy is only determined to be inappropriate; no 
attempt is made to ^identify the particular inappropriate 
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addition or subtraction strategy used. 

EJLLQL& ' 0 *~ ^ 

Just as certain strategies are not independent of 
the model used r e.jj^r* Separating Prom requires the use of 
physical models, certain errors are not independent of 
the strategy used. The strategies Guess, Given Number, 
and Wrong Operation can be considered errors in that they 
lead to an incorrect answer. Since they do, however, 
describe the actions children take upon their 
representations of the problem, they are considered 
strategies, although inappropriate. Wrong Operation 
involves misinterpretation of the problem, while Guess 
and Given Numbsf involve a lack of interpretation of the 
problem. 

Procedural errors also were coded. For the 
following categories an appropriate strategy was chosen, 
but an incorrect answer resulted. Incorrect recall of a 
number fact is one procedural error; this is recorded by 
coding the Number Pact strategy Along with an incorrect 
answer. 

Miscount , This error is coded if the child counts 
incorrectly when using a strategy involving concrete 
representation, for example, failing to count an object 
or counting an object twice. Miscounting also occurs in 
conjunction with counting strategies when a number is 
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omitted or when the entvf or exit numbers in the counting 
sequence are ince^Tecfcly included or excluded. 

Forgets This procedural- error occurs when a child 
forgets part of the' problem data and an error results 
from the use of this incorrect information. If it is 
suspeqted that this error has occur red, it is necessary 
to question the child after completion of the problem, 
*skitt£ questions such as, "How many stamps did Leroy have 
to begin with?", or "Ho*r many stamps did his mother give 

9 

him?", or "What were the numbers in the problem?". 

.Several errors can occur on the same problem. In 
some such instances both errors are coded and in others 
only one is coded. When two procedural errors occur in 
t^ same problem both are coded, for example, a child, 
forgets one of the numbers in the problem and then . 

. \ 

miscounts in determining the solution. Multiple errors 
such as Miscount and Forget typically occur in 
conjunction with an appropriate strategy, when the Wrong 
Operation error occurs it is deemed to be the major cause 
of the wrong answer, and- even if the child also forgets 
the problem data or miscounts, those procedural errors 
are not coded once Wrong Operation is coded. Other 
errors are not coded along with Given Number or Guess, 
since these\ uniquely determine the child's error. 
In addition to the above errors others were 
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anticipated. Rilot work suggested that for problems that 
required more than ten objects some children might 
mistakenly respond with "10" once all fingers had been 
used. Responses such as "three plus £ive is six" were 
also anticipated since^several subjects in the pilot 
studies had based answers on the successor of the last 
number given in the problem. Because of these potential 
errors- and because little was known about the types of 
errors kiri'dergartners might exhibit, the interviewers 
attempted to document any errors that did not clearly fit 
predetermined categories in order to develop *>ther error 
categories in a post hoc fashion. Additional categories 
of errors and strategies resulting from the analysis of 
subjects 1 responses are given in Chapter IV. 
Codec Agreement 

The three coders each had been trained to use the 
coding categories described previously. Prior to data 
collation intra-coder and inter-coder agreement were 
measured .using video-taped segments of interviews with 
primary-grade children. In all instances the level of 
intr^-coder and inter-coder agreement was greater than 
.90. Although the coder training and agreement 
assessment were donejasing verbal problems, the pilot 
studies suggested that children 1 s strategies, errors, and 
modeling procedures for abstract problems could be coded 
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using the same categories as had been developed £&r 
verbal problems. Thus, no additional measure of coder 
agreement was done for coding repsonses to abstract 
problems. * 

' The afor ementioned empirical procedures guided the, 
data colleWron* The methods used to analyze the data 
and the results of ttipse analyses are described in 
Chapter*^, / 
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Chapter IV 
DATA ANALYSES AND RESULTS 

« 

The preceding chapters have described the 
background, design, and data collection .procedures for 
the study. TYaf^prxseeSurer selected were consistent with 
the study's purpose of describing and comparing 
kindergarten and first-grade Children's performance on 
addition and subtraction problems presented in: abstract 
and verbal prdblem contexts. This chapter describes the 
analyses' of the data and the results of those analyses. w 
The initial section of the chapter presents preliminary 
results that ate consequences of the administration of 
the tasks and initial analysis of the data. The — 
principal data analyses and results follow, and are 
discussed in reference to the research questions set 
fo rth Chap ter III. 



Preliminaj 

• * # * 

> The entire' set of abstract and verbal problems was 

, administered to each subject. Although several subjects 

guessed frequently, no subject appeared uneasy or upset , 

^ by the interviews. Consequently, analyses were carried 

out using a complete set of data for each subject. 

Three errors occurred*^ the data collection, but 
none was deemed to hav^ had any substantial influence on 



children's performance. The first error consisted of 
tout incorrect assignments of number triples to verbal 
problems at the kindergarten level. For example, (l f 3 f 4) 



occurred often with each type of problem r this error was 
* assumed not, to have altered the subjects' processes' for 
solving the problems. 

In three instances kindergarten subjects were given 
an, abstract missing addend problem that involved the 
incorrect form of a given number triple.' For example, 

2+ «5*was used instead of 3+ »5. This was assumed not 

to have had any systematic influence on the subject's 
solution process. 

The third data collection error involved 
administration of problems originally intemled for one 
kindergarten subject to another subject and vifce versa. 
Since tasks were randomly assigned to subjects, this one 
deviation from the original assignment of problem decks 
to subjects was not expected to influence the results. 

The original coding sheets used by the interviewers 

t a 

were reviewed by the experimenter for errors or 
inconsistencies in coding. . Several were found and Were, 
resolved immediately after the data collection took 




153 



« 

place. Information from the original coding sheets was 
transferred to another sheet for computer processing. To* 
determine whether data were reliably transferred, a 

r- 

random sample of five* percent of these sheets was checked 

• . . ' 

-for agreement with the original sheets, v No discrepancies 



were found, so it was assumed that the transfer of data 
was accurate. Checks tpz* coding inconsistencies, e.g., a 
correct response with the Wrong Operation strategy, were 
performed during initial -data analysis; after these were 
complete it was assumed that the only errors in thfe data 
were those caused by the inevitable subjectivity of the 
coders' • interpretations during the interview^* 

c 

Codin g Catedor . v Changes 

The interviewers 1 Anecdotal accounts were used to 
clarify any ambiguous responses. ■ Four additional 
inappropriate strategy categories and two new error 




.categories have been defined to subsume those instance 
for which none of the previous coding categories was 
appropriate. Also, no subject used the Matching 
strategy, so this category was not used in the data 
analyses. 

Mfiflfil Both Sets, This fauflty separating strategy 
for subtraction problems involves construction of two 
sets and removal of one oy them rather than construction 
of a set and removal of a subset of it. For example, 
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when solving 8-3» , the child forms a set of eight 

objects, forms a set of three objects, separates or 
removes the set of three, and concludes that the answer 
is eig^f after counting the remaining set of ^igjit 
objects. When this strategy is used a child 
appropriately attempts to concretely represent the 
.problem and temove some objects but is unable to 
correctly carry out the Separate From strategy because 
the action performed on the sets was incorrect. 

• ft ll Cubes Ugfid- In this strategy faulty modeling or 
representation of thpJ numbers or set$ in the problem 
leads to an incorrect answer. It is demonstrated when a 
child inappr^ptiate^y uses fill of the available 
manipulatives when representing an addition or 
subtraction problem. For example, if twenty cubes are 

ailable yhen solving 8-3* or 3+8« 'the child might 

form sets of eight cubes and three cubes, but derive the 
answer by counting the remaining nine cubes. Another 
instance of this strategy occurs when. a child forms only 
one set and counts all of the remaining cubes to 
determine the answer. Although it is possible to obtain 
a correct, answer by chance using this strategy, this did 
not occur. * 
Jpapproprjflte Eflfit* Subjects occasionally attempted 
to use a known addition or subtraction fact on a problem* 
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for which that fact was inappropriate. An example of 

this would be a response of "3+3" for the problem 2 + -6. 

In this instance the child knows that^3+3 is 6, but is 
unable to recall a number fact involving the required 
addend (two). 

9 

ftfld Qp /piven Number . Occasionally, subjects had 
difficulty determining the set ^of objects to count to 
determine the answer after carrying out an Adding On' 
strategy. The Add On/given Number strategy involved 
.initially, qsing a$> Adding On strategy to model the action 
or relationship ift the problem, but answering with the 
larger number 'given in the problem. This reflected a 
difficulty in identifying ( the answer set among the 
manipulatives or fingers tfvat were present . after the 
required number had been adjoined to thk original set 
(Lindvall * Ibarra, Note" 7) . For example, when solving 

2+ «8, after six objects had been adjoined to the 

original two, the subject had difficulty identifying the 
six within the set of eight objects. This strategy does 
not involve counting of the adjoined set, therefore, it 
is considered distinct fron the Adding On strategy. 

Two additional error categories. Two types of * 
errors were identified which could not be classified in 
the original coding categories. The Ten Fingers 4 error 
resulted from subjects' inability to use fingers to model 

/ 
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the data in problems in which the sum or minuend was 
greater than ten. Subjects would occasionally use an 
appropriate strategy but give "ten" as the answer simply 
because they did not have enough fingers to model the 
entire problem. This error could also occur if onljL one 
hand were used and "f^re" were 'given as the answer. 

The other new error category, Configuration, was 
similar to the error resulting from the Add On/Given 
Number strategy in that it also resulted from subjects 1 
inability to determine the answer from' the final 
configuration of manipulatives or fingers. The 

Configuration error was coded whenever the subject's 

» 

incorrect response was based pn some perceptually 
compelling aspect of the final configuration of the 
objects. For example, Conf iguratioa was coded if, when 

solving 2+ «9, ?rfter mistakenly adding on eight instead 

of seven fingers, the child realized the mistake, removed 
the one finger, but then focused on the one just removed, 

4 

giving "l"as ttfe answer. 

Comparison of Data from the Two Sphopjg 

The data from schools A and B were compared with 
respect to the frequency of correct repsonses and the 
frequency of occurrence of various solution strategies 
and errors. Subjects from school A correctly solved the 
addition problems more often than did subjects from 
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school Bj p-values were lower by approximately .10 in 
school The p-values for subtraction problems were 
comparable for the two schools. 

In most instances solution strategies were used with 

s.imilar frequencies by subjects from the two schools. 

Inspection of the data from the two schools indicated, 
that subjects in school A exhibited concrete 
representation strategies (using fingers or cubes) more 
frequently than subjects in school B. Errors involving 
the use of the wrong operation on subtraction problems 
occurred more often in school A, whereas, guessing and 
responding with one of the numbers given in thfe problem 
occurred more often in school B. Subjects in school B 
attempted to use number facts more than subjects from 
school A. A brief comparison of the strategy frequency 
and correct response data for the two schools is given in 
Appendix H. 



9 

ERLC 



The preceding differences in strategy use and 
correct responses by subjects from the~Ewo schools are 
minimal. Thus,- data from the two schools are combined in 
subsequent analyses. 

Children 'p performance on Abstract and_ Verbal Proble m s 
Question 1 

What strategies do children in grades K 
and 1 use to solve additiqn and subtraction • 
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verbal problems? 

% — 

s The data on strategies used for solving the verbal 

problems are analyzed descriptively. Results for / 

f 

addition and subtraction problems are summarized 

.sepajately^ JEhe^f icgjL-grad^„, resu lts are com pared to * 

those of Carpenter and Moser (1981). 

Additiop p ro fr lflnp. Table 4 presents the percentage 

of use of the most frequently used strategies on verbal 

addition problems. In both grades strategy use was 

similar ftfr the Join and Combine problems. At the 

kindergarten level Counting All, which involves concrete 

representation of the problem, was the predominant 

strategy. At the first-grade level concrete 

■ representation predominated when manipulatives were 

» 

available, and whfen no manipulatives were available, 
mental strategies (primarily recall of number facts) were 
used most frequently for problems with small numbers and 
counting' strategies for those with larger numbers. 

The preceding first-grade findings were consistent 
with the results of Carpenter and Moser (1981). Table 5 
presents the strategies used on verbal problems in the 
present study and the Carpenter and Noser study. These 
are summarized according to three qualitatively different 
levels of abstraction: concrete representation, 
counting, and mental strategic. ' Since the present study 
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Table 4 



Percentage Use of Strategies on Verbal 
Addition Problems 



Grade K Grade 1 



Join Combine Join Combine 

SL S L S L SL 























Counting 


C 


34* 


54 


44 


62 


41 


56 


30 


67 


All 


N 










11 


7 


7 


15 


Subitize 


C 


4 


0 


6 


0 ' 


7 


0 


11 


0 




N 










11 


0 


19 


7 


Poii n ^ i no 


* 

r 


6 

w 


V 


4 


8 


7 


19 


4 


15 


On From 


N 






\ 




11 


22 


15 


19 


Smaller 




















Counting 


C 


2 


0 


6 


4 


7 


19 


7 


7 


On From 


N 










15 


22 


11 


22 


Larger 


















Number 


C 


28 


8 


18 


4 


30 


4 


41 


4 


Fact 


N 










37 


11 


41 


7 


Derived 


C 


. 4 


0 


0 


0 


0 


4 


0 


4 


Fact 


N 










0 


0 


0 


4 


Guess 


C 


10- 


12 


10 


10 


0 


0 


4 


0 




N 










. 7 


15 


•4 


7 


Given 


C 


10 


12 


4 


0 


0 


t 

4 


0 


0 


Number 


N 










0 




0 




* Columns 


do 


not 


stun 


to 100 


because 


seldom- 


used 





strategies are not included. 
S - small numbers (sums less than 6, grade K) 

(sums 6 through 9, grade 1) 
L - larger numbers (sums 6 through 9 r grade K) 

(sums 11 through 15, grade 1) 
C - Manipulations (cubes) available 
N - No manipulative available 
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Table 5 

Percentage of Use of Three Categories of Strategies by First- 
graders in the Present Study 'and in Carpenter and Noser (1981) 



Problem Type 



Concrete Counting 
Representation Strategies 



Mental 
Strategies 



Small Larger Small Larger Small Larger 
Numbers Numbers Numbers Numbers Numbers Numbers 
CNCN CNCN CNC N 



Carpenter and 
Noser (January) 

Present Study 

Carpenter and 
Noser (Nay) 

Carpenter and 
. Noser (January) 

Present Study 

Carpenter and 
Noser (Nay) 

Separate 
Carpenter and 
'Noser (January) 

Present Study 

Carpenter and 
Noqer (Nay) 

^Join/Change Unkn< 
Carpenter and 
Noser (January) 

Present Study 

Carpenter and 
Noser (Nay) 



56 38 53 17 




53 36 49 19 

41 26 67 22 

36 24 47 15 

63 40 69 18 

44 33" 78 33 

57 44 65 24 

46 29 44 11 

44 11 44 7 

32 2} 52 15 



14 19 20 32 20 20 5 6 

14 38 26 44 30 37 8 11 
20 28 33 51 35 43 13 14 



13 18 23 25 19 23 5 7 



11 26 22 41 41 41 8 11 
23 2 9 3.4 54 31 36 13 8 



5 5 4 11 14 13 3 2 

7 19 8 29 34 33 4 11 

9 16 16 25 26 27 9 15 

16 16 12 26 18 19 6 3 

11 30 22 33 30 37 11 4 

20 26 18 44 36 35 13 12 



C - Manipulatives (cubes) available 
N - No manipulatives available 
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occurred in March* one would expect its results to fall - 
between those of the January and May interviews of the 
Carpenter and Moser study. 

Even though the Join and Combine problems elicit 
similar solution strategies, children who use Counting 
All might use different modeling procedures for th^se two 
problems (Heller, Note 21). The two types of modeling 
that have been observed are t corj£truction of two distinct 
sets, joining of these sets, and counting of the union 
set starting from the number one on Combine problems; and 
construction of an initial set r 'one-by-one incrementing . 
of that set by t>he amount to be joined, and counting of 
the resulting set starting with the number one for Join 
problems. In other studies (Lindvall & Ibarra, Note 7; * * 
Riley & Greeno, Note 4) pauses built into the reading of * 
the verbal problems may have elicited different modeling 
procedures for Join and combine problems. In the present 
study problems were read in their entirety without 
pausing to require th^ subject^ to model the most recently 
read jtortion of the prdblem. 

Table 6 presents the frequency with which various 
modeling procedures were used. Modeling procedures for 
these problems can be categorized as consistent with the 
structure of the problem (use of one set. for Join and two 
sets^for Combine), inconsistent <use of two sets for join 
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Table 6 

Number of Subjects Exhibiting Four Types 
of Modeling Procedures used With Counting All 



Modeling Procedure 


Grade 

K 


r • 


Consistent 


4 


3 


Inconsistent 


1 




Uniform 


21 


; -v 


Mixed ^ ^ 

• 


1 


3 



Consistent - Use one set for Join, two sets for Combine 
Inconsistent - Use two sets for Join, one set for Combine 
Uniform -^TJse one set (or two sets) for boJfclPp^obleros 
Mixed - Use the Consistent procedure for problems at 
one number size level 4nQ Uniform for 
problems at the other number size level 
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and one for Combine), uniform (same modeling procedure 
for both problems), and mixed (e.g., use of a consistent 
procedure for small number p*oClems and inconsistent or 
uniform for larger number problema). ' The majority of 
subjects in both grades used a uniform modeling procedure 
for both types of problems. Several subjects in each 
grade used one se.t for Join and two for Combine problems, 

a 

but one subject in each grade modeled the problems in the 
opposite way. The fact that inconsistencies and mixed 
, modeling procedures occurred and that most subjects, 

.modeled both prbblems the same way provides further 
evidence that children's solution processes for verbal 
addition problems are not influenced by the structure-of 

the problem. I 

S ubtrac tion problems. Table 7 presents strategies 
used for verbal subtraction* problems. In both grades the 

Separate ancl Join/Change Unknown, are those that most 
directly model the action described in the problem. 'The 
concrete representation and cftuntfeng strategies used^pn 
Separate problems are ;n marked contrast to those used on 
the Join/Change Unknown problems. For the former, the 
subtractive -strategies Separate From and Counting Down 
From predominated; one kindergarten subject's use of 
Counting Up From Given is the only instance in which an 
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Percentage Use of. Strategies on Verbal 
, Subtraction Problems 



Separate 



Join/Ohange Unknown 



Small Large . Small Large 

Difference Difference Difference Difference 
'$ L S ' L S L , S L 



Separate 
From 



,48* 46 
- 4 



Counting 0 2, 
Q^n, From 

Adding On 0 0 



34 48 
2 4 



Counting Up .0 
6 From Given 

9 

Number F>act 22 8 
- 0 0 



Derived. 

. .Pact 

Giles s 

Given 
Number 

"Wrong 
Operation 

-Add On/ 
Given Number 



12 22 

t 

6 8 



4 

0 



4 

0 



Separate C 44 7 8 
From N 33 • 33 



(coptvqued) 



32 

' -0 



Q 
0 

8 
0 



12 16 
6 6 



2 
0 



4 

0 



52-^-56 
41 22 



G f 0 



24 3.6 
6 10 



40 

0 



6 

0 



14 22 
4 8 >~ 

10 12 

0 6 



0 0 



. o o 
o • 0 

.36 34 

6, 2 

10 0 
2 2 

8 24. 
6 12 

\ 

14 10 

6 .(5 



* » 



4 0 

0 0 
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Table 7 (continued) 

^ 

Separate 



# Join/Chanqe 
Unknown 



Small Larcpef 
Difference Difference 

S L * S - L 



Small Large ' 

Difference Difference 
S L S L 



vwUll LI 


r 


7 


4 


1-1 

J. J. 


22 


n 


o 


o 


o 


Down From 


N 


15 


22 




37 


0 


o- 


0 


0 




c 


h 
u 


4 


n 


V 


n 


o 


o 


o 


Down To 


N 


.4 


7 


0 


0 


0 


0 


0 


0 


Adding , 


C 


• 0 


0 


i ft 
/ & 


0 


44 


A A 

44 


A O 

48 


52 


On 


N 


0 • 


0 


0 


0 


11 


7 


22 


7 


Counting 


C 


0- 


. 0 


0 


• 0 


11 


22 


3 


19 


Up Prom 


N 


0 


0 ' 


• 0 


0 


30 


33 


15 


30 


Given 










* 










Number 


C 


BO 


4 


22 


.7 


26 


11 


30 


4 


Fact * 


N' 


33 


7 


• 41 


19 


33 


4 


30. 


7 


Derived 


C 


4 


0 


0 


0 


4 


0 


0 


0 


Fact 


N 


0 


4 


0 


0 


4 


0 4 


0 


0 


Guess 


C 


0 


0 


0 


4 


0 


4 ' 


4 


0 




N 


11 


7 


4 

> 


7. 


7 


15 


4 


19 


Given 


C 


0 


0 


• 0 


0 • 


0 


0 


0 


0 


Number 


N 


0 


4 


0 


0 


0 


11 


7 


4 


Wrong 


C 


11 


7 


• / ' 1 


7 


11 


4 


7 


4 


Operation N 


4 


4 


4 


7 


4 


7 


15 


19 



* Columns do not sum to 100% because seldom-used 

strategies are omitted. 
*S - small numbers (sums less than 6, grade K) 

(sums 6 through 9, grade 1) 
L - larger numbers (sums 6 through 9, grade K) 

(sums <&L through 15, grade 1) 
C - Manipulatives (cubes) available 
N - No manipulatives available 



168 



' - 1153] 

additive strategy was used for a Separate problem. The 

subtractive strategies reflect subset removal or its 

counting analog, while the additive strategies Adding On 

and. Counting Up From Given, used nearly universally for 

the Join/Change Unknown problems, reflect the joining 

rather than the separating process. 

At the k&dergarten level concrete representation 

strategies were the predominant ones. However, when the 

numbers in the problem were small, number facts were used 

frequently on the Separate probleW_-,with large 

differences (S-l* , 4-1= , and 5-2« ) and for the 

Join/Change Unknown problems with small differences 

i 

(3+ *4, 4+ »5, 3+ «5). This i-s not surprising since 

> 

these problems afford an opportunity to ase addition and 
subtraction facts involving one and two as well as the 
opportunl^y^to easily hid^a counting strategy or to use 
it subconsciously. ^ 

At the first-grade leveJv, when manipulatives were 

* - / 

available* concrete representation strategies 
predominated. For small number problems mental 
strategies were used more than counting strategies, and 
the reverse was true when the problems contained larger 
numbers. When no^lbjects were available, counting and 
mental strategies were often used as frequently or more 
frequently than concrete representation. These results 
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closel/jparalleled the mid-year findings of the Carpenter 
and Moser 41981) study (see Table 5). 

ffUlfflMry- For verbal addition problems with 
different problem structures, children's solution 
processes did not reflect those differences in structure. 
However, for verbal subtraction problems, children's - 
strategies overwhelmingly mirrored the structure o^the- 
problem. 

Thus, data from the present study provide strong 

support for the descriptions by Carpenter and Moser 

r ' 

(1981) of the >r£lationship between problem structure and 

1 

children's strategies for solving Separate, and- 
Join/Change Unknown problems. ".The consistency with which 
the frequencies of use of strategies in the present study 
fell within the range of frequencies of the mid- and end- 
of-year interviews of £he Carpenter and Moser study 
indicates that, in ^pite of a difference in the 
mathematics text series used, first-graders in the two 
studies used essentially similar strategies for solving 
verbal problems. • 

What . strategies do children in grades K 
and 1 use to solve abstract addition and 
subtraction problem^? 
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Addition problems- Table 8 presents the. 

• * 

kindergarten and first-grade subjects 1 average percentage 

use of strategies on the two parallel abstract addition 

problems^ At the kindergarten level, concrete 

representation strategies were predominant, counting 

strategies were used inf reqjj'ent^y,' and mental strategies 

were used frequently only on problems with small numbers. 

The f irst-grade subjects used Counting All ai^cJ "Subitize 

much. less frequently, . relying primarily on recall of 

number facts when the numbers, were small and counting 

strategics when the problems contained larger numbers. 

S ubtraction problems . Table 9 presents the 

strategies used by kindergartners and first-graders on 

the four types of abstract subtraction .problems. The 

strategies used were those that reflected the structure 

i 

of the problem. Across both grades, with the exception 

of one subject, additive strategies (Adding On and 

Counting Up From Given) were never used for *he problems 

based on a-b«_^. Similarly, with the exception of small 

difference missing addend problems with larger numbers, 

subtractive strategies (Separate Prom and Counting Down 
* 

From) were used infrequently for the missing addend 
problems. Thus, although a few subjects in each grade 
occasionally used subtractive concrete representation 
strategies for. the abstract missing addend problems, 

• . » V 
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Table 8 ^ 

Percentage Use of Strategies, on Abstract 
Addition Problems 







Grade 


K 


Grade 1 








Small 


Larger 


Small 


Larger 


) 




Numbers Numbers 


Numbers 


Numbers 


Counting All 


c 




• 


11 


31 


N 






2 


9 


Subitize 


C 


11 


4 


4 


0 




N 






4 


0 


Counting On 


C 


2 


1 


7 


17 


From Smaller 


N 






9 


26 


Counting On 


C 


4 


.8 


17 


35 


From Larger 


N 




26 


24 


numoer r act 




21 


3 


JO 


0 




N 






.56 . 


13 


Derived 


C 


4 


0 




4 


Fact . 


' N 






A. 


2 


Guess 


C 


15 


19 


4 * 


6 




N 




I 


0 


.13 


* 

Given 


C 


3 


7 


0 


2 


Number 


N 






0 


2 


Wrong 


C 


0 


3 


0 


0 


Operation 


N 






2 


0 


* Columns do 


not 


sum to 


100 because 


seldom-used 



strategies are not included. 
C Manipulate ves (cubes) available 
N - No manipulatives available 
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Table 


9 












Percentage Use Of Strategies on Abstract 
Subtraction Problems 


• 








i 

a-b« 






a+_ 










• 


Small 

Difference 


Large Small 
Difference Difference 


Large 

Difference 


• 




S 


L 


S 


L 


S 


L 


S 


L 


























Separate 48* 
From 


54 


38 


42 


0 


0 


2 


4 




- 


Counting 2 
Down From 


0 


4 


10 


0 


t 

0 


-0 


0 


*> 




Adding On 0 


0 


0 


0 


32 


32 


26 


30 






Counting Op 0 
From Given 


0 


0 


0 


% 8 


10 


6 


4 






Number Fact 2 


0 


20 


6 


14 


2 


6 


0 






Derived 0 
Fact 


2 


0 


0 


0 


6 


2 


0 






Guess 22 


26 


16 


28 


22 


18 


12 


22 




> 


Given 10 
Number 


10 


8 


8 


4 


6 


8 


4 

\ 

22 






Wrong 4 
Operation 


2 


4 


2 


14 


12 


22 




- 


Add On/ 0 
Given Number 


0 * 


0 


, 0 


4 


.8 


6 


6 


t 


- 


(continued) 






* 
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». 




; 1 


7: 


i 
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Table 9 (continued 4 ) 



a->b« a+ «c 

Small. Large Small Large 

Difference Difference Difference Difference 



Grade 1 



From 



Counting 
Up From 
Given 





S 


L 


s 


L 


S 


L 


S 


L 




















c 


41 


70 


26 


56 


0 


22 


4 


11 


N 


37 


30 


33 


30 


0 


0 


0 


0 


C 


0 


15 


0 


7 


P 


0 


0 


0 


N 


4 


22 


19 


41 


0* 


0 


4 


0 


C 


0 


0 


0 


0 


15 


15 


22 


44 


N 


0 


0 


0 


0 


15 


7 


11 


7 


C 


0 


0 


0 


0 


19 


41 . 


11 


15 


N 


4 


0 


0 


0 


19 


2.6 


15 


26 



Number 


C 


44 


7 


63 


22 


48 


4 


33. 


7 


Fact 


N 


33 


4 


48 


7 


41 


11 


37 


11 


Der ived 


C 


4 


0 


0 


/ 4 


0 • 


0 


4 


0 


Fact 


N 


11 


4 


0 


0 


4 


4 


0 


0 


Guess 


C 


4 


4 


7 


7 


4 


11 


4 


7 




N 


4 


11 


0 


11 


0 


33 


7 


26 


Given 


C 


0 


0 


0 


0 


4 


4 


' 7 


4 


Number 


N 


0 


0 


0 


0 


• ,o 


0 


0 


0 


Wrong 


C 


4 


0 


4 


4 


7 


4 


11 


4 


Operation 


N 


4 


0 


0 


0 


15 


. 7 


15 


15 



* Columns do not sum to 10 0 because seldom-used 

strategies are not included. 
S - small numbers (sums less than 6, grade K) 

(sums 6 through 9, gjrade 1) 
L - largfp numbers (sums 6 through 9, gtade K) 

™ , (sums 11 through 15, grade 1) 

C - Manipulatives (cubes) available 
N - No manipulatives available 
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children's concrete representation and, counting 
strategies for abstract subtraction problems nearly 
always reflected the structure of the problems. 
Question 3 

Within each of grades K and 1 are there 
differences between children's ability to solve 
addition and subtraction problems presented in 
verbal problem context and their ability to 
solve corresponding problems presented in an 
abstract context? 

Children's ability to 1 solve a problem is measured by 
two criteria, correctness of the answer and ability to 
use an appropriate solution strategy. Each subject's 
responses are classified dichotomously on correctness, 
with No Attempt being considered an incorrect response. 
Responses are also classified dichotoroously on the juse .of 
an appropriate strategy. Strategies that yield correct 
answers but are uncodable (ambiguous) are classified as 
appropriate strategies, and those uncodable strategies 
that yield wrong answers are classified as inappropriate. 

Tables 10 and 11 present a summary of subjects 1 

« 

percentage of cortect answers and use of appropriate 
strategies on verbal and abstract problems containing 
small and larger numbers. 

To test for differences in difficulty between 
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Table 10 
Percentage of Correct Responses 



Problem Type Percent Correct 



Small - Larger 
Numbers Numbers 



Grade K 

Join 70 50 

Combine * 72 66 

Abstract (a+b- ) 80 62 

Separate (small difference) 56 40 

Abstract (a-b- , smaj.1 difference) 50 . 42 

Separate (large difference) 66 50 

Abstract (a-b- , large difference) 60 46 

Join/Change Unknown (small difference) 70 40 

Abstract (a+ «c, small difference) 52 40 

Join/Change Unknown (small difference) 52 30 

Abstract (a+ »c, large difference) 38 22 

Grade 1 

Join 80 57 

Combine » 7 8 69 

Abstract (a+b« ) 89 63 

Separate (small difference) " 63 57 

Abstract (a-b- , small difference) 81 61 

Separate (large difference) 81 52 

Abstract (a-b- , large difference) 89 46 

\ ^ 

v Join/Change Unknown (small difference) 80 39 

Abstract (a+ -c f small difference) .76 46 

"} Join/Change Unknown (large difference) 69 41 

Abstract (a+ -c f large difference) 67 48 
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» Table 11 
Percentage of Use of Appropriate Strategies 



Problem Type 



V 



Percentage Use of 
Appropriate Strategy 



Small 
Numbers 



Larger 
Numbers 



Grade K 



Join \ 
Combine 

Abstract (a+b* ) 

Separate (small difference) 

Abstract (a-b* , small difference) 

Separate (large difference) 

Abstract (a-b» , large difference) 



Abstract (a+ «c, small difference) 



Grade 1 

Join , 
Combine 

Abstract (a+b* ) 

Separate (small difference) 

Abstract (a-b« , smail difference) 

Separate (large difference) 

Abstract (a-b« , large difference) 



Abstract (a+ «c, small difference) 

Join/Change Unknown (large difference ) .,76 
Abstract (a+ -c, large difference) 74 



80 


70 


80 


80 


81 


" 70 


72 


60 


54 


56 


72 


64 


64 


58 


70 


52 


54 


50 


60 


44 


.42 


38 


94 


78 


93 


85 


97 


85 


85 


83 


89 


83 


89 


81 


94 


~ 85 


85 


63 


81 


65 



61 
63 



erJc 
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corresponding verbal and abstract problems as measured by 
correctness of response and by ability to apply 
appropriate strategies,* the Cochran Q Test (Marascuilo & 
McSweeney, 1977) is used. At the kindergarten level €our 
contrasts of interest are those comparing performance on: 
the Join problem and the two abstract addition items, 

a+b« ; the Combine problem and the two abstract addition 

items; the two Separate problems (small and large 
difference) and the corresponding abstract subtraction 

items, a-b= ; and the two Join/Change Unknown problems 

(small and large difference) and the corresponding 

abstract missing addend items, a+ *c. Each of these 

four contrasts is tested for problems with small numbers 
(sums less than 6) and for problems with larger numbers 
(sums 6 through 9). These eight contrasts are computed 
using correctness of response as the measure of 
difficulty and also with use of an appropriate strategy 
as the measure of difficulty. 

Table 12 presents the results of the Cochran Q Test 
for the kindergarten data. When correctness of response 
is used as the measure of difficulty, nooe of the 
contrasts is significant at the .05 level. Hence, there' 
are no* significant differences between^ kindergartners 1 
ability to solve (as -measured by correctness) each of the 
'four types of verbal problems (Join, Combine, Separate, 
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/ Table 12 

Verbal — Abstract Problem Contrasts, Grade K 



Criterion Contrast Significance 



Correctness Cl-7,8 * * -.09 ns (p>.05) 

of Response C2-7,8 = -.07 ns 

C3, 4.-9, 10 ■ '-.06 ns 

C5,6-9, 10 = .16 ns 

C13-19,20 = -.13 ns 

C14-19, 20 = .07 ns 

C15, 16-21, 22 = .03 ns 

C17, 18-23, 24 = .04 ns 

Use of Cl-7,8 = -.02 ns 

Appropriate C2-7,8 ■ -.02 ns 

Strategy C3,4-9,10 = .13 ns 

C5, 6-11, 12 v « .06 ns 

C13-19,20 » .00 ns 

CJ4-19,20 « .10 ns 

C15, 16-21, 22 - * .05 ns 

C17, 18^23, 24 ■ .04 ns 



* Numbers refer to the problem types below: 
Small Number Larger Number 

Problems Problems 

1 - Join • 13 

2 - Combine 14 

3 - Separate (small difference)^ 15 

4 - Separate (large difference!^ 16 

5 - Join/Change Unknown (small difference) 17 

6 Join/Change Unknown (large difference) 18 

7 - a+b«_ - 19 

8 - a+b» 20 

9 - a-b» (small difference) 21 

10- ar-b» (large difference) 22 

11- a+ «c (small difference) 23 

12- a+ «c (large difference) 24 
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and Join/Change UnknovmJ and corresponding ab^ract 
problems. Similarly, when ability to ajiply ah 
appropriate strategy is> used as the measure of 
difficulty, none of the contrasts is significant at the 
.05 level. Thus, there are no significant differences 
between kincfergartners 1 ability to use an appropriate 
strategy to solve each of the four verbal addition and 
subtraction problems and corresponding abstract problems. 

At the fijst-g$ade level the preceding four \ 
contrasts at each numbeis size level are expanded to six. 
KimUrgarten-level subtraction problems with small and . 
large differences are very similar when sums are less - 

th«m six, for example, 5-2« and 5-3- are riot markedly 

different.- Consequently, the sma^l difference and large 
difference problems are aggregated. At. the first-grade 
level none of the sums used a-re less than six, so it is 
reasonable to test for differences insdif f iculty between 
Separate problems with small differenced and • 
corresponding abstract problems, as well as between 
Separate problems with large differences a>id their 
corresponding abstract problems. Similarly, the one 
contrast involving Join/Change Unknown problems at the 
kindergarten level is broken into two at the first-grade 
level. Thus, there are six contrasts at each of the 
number, size levels for the first-^rade data'. 4 
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Results of the' comparisons for the first-grade data 
are*"|>resented in Table 13. ,When correctness of response 
is used as the measure of, difficulty, none of the 
contrasts is significant at the .05 level, -first- * 



.gxa^ers 1 Ability tp obtain correct -answers on each of the 

six types of verbal problems is not significantly 

different' from their ability to correctly solve a 

corresponding proble^presehtea in abstract number . V 

sentence context. ^VSen ability to use an appropriate 

strategy, is the measure of difficulty , none of the 

\ ' * * 

contrasts is significant at the .05 level. Hence, there 

are .no significant differences in first-graders 1 ability 

to apjSly* approgr^^e strategies to any of* the six types 

of verbal additiotf and ^subtraction problems and their 

number sentence counterparts. ^\ 4 - 

Thus> verbal and abstract problems^ were of, equal 

difficulty for Xindergartners,,* bothrwjien correctness bp 

response wafe the criterion for subjects' ability to solve 

( . • - 

the problems and when use of an appropriate strategy was 
the criterion. Likewise, verbal and abstract problems 
were of equal difficulty for £irst-<j*aders when each b£ 
the preceding criteria were used. ^ 
Ouefctf6n 4 - *S M , , . 



- Within each of grades K and 1 ate ther* 

:^tegi< 



* differences between .the strategies children use t< 



if 



Table 13 

t 

Verbal — Abstract Contrasts, Grade 1 



Criterion Contrast Significance 

4 * •• * - 

Correctness%l-7, 8 * « -:.09 ns (p>.05) 

of Response C2-7,8 » -.11 > ns m 

- C3-9 ■ -.19 ns 

C4-10 ■ , - -.07 - ns 

C5-11 .04, ns 

C6-12 - .02 ns 

C13-19,20 - -.OJk ns 

C14-19,20 » ns 

' C15-21 « -.04 ns 

C16-22 .05 ns 

C17-23 = -.07 - ns 

C18-24 ■ -.07 " ns 



Use of Cl-7 r 8 « -.03 ns 

Appropriate C2-7 r 8 « ".05 ns 

Strategy C3-9 ■ -.'04 < ns 

C4-10 ■ -.06 * ns , 

C5-11 * . 04 ns 

C6-12 « .02 ns 

C13-19,20 » -.06 ns - 

. . , CI4-19,2Q - .. .01 • H 18 

C15-21' •- .00 ns 

C16-22 - -.04 ns 

• C17-23 . » - - .02 ns v 

■ CJ8-.24 ^- « -.02 . ns 

— , «- 

* The numbers in these contrasts refer to the 
problems described in^Table.12, 



ft « 
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T 

solve verbal addition and subtraction problems and 
those used for corresponding abstract problems? 
Data pertinent to this question are analyzed 
% descriptively. For eacl&>f grades K and 1 the strategies 
subjects used on the abstract and the two verbal addition 
problems are compared. F$.r- subtraction problems two 
independent descriptive analyses are performed. In each 
grade the strategies used on the two (small and large' 
• "difference) Separate problems and .their abstract 

counterpar ts afcfi compared and a similar comparison is 
made- far s«R£egieJB~4ised on the two Join/ Chang e -Unkftowa 
problems and corresponding abstract problems. Percentage 
differences less than 15% are considered too small to be 
of any educational significance and are not dealt with in 
the following presentation of results. 

HP 

qualitatively different -classes: concrete representation 
strategies that directly model the structure of the 
problem, strategies that involve concrete representation 
but do not reflect £he structure of the problem (Adding 
On useti^on a Separate problem/ fox example), counting 
reflecting problem structure, counting not reflecting 
problem structure (for example, Counting Down From for 
3+_«9), mental, and inappropriate strategies. The 
complete categorization of strategies is given in Table ~ 



Individual strategies are categorized in six 
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Table 14^ 

Strategies Categorized in Six Levels 



Strategy Category 

Counting All * CR 

Subitize _ CR 

Counting On From Smaller C 

Counting On From Larger C-NRS 

Separat/e From 4 CR for a-b» 

' ' - CR-NRS for, a+_ 

Separate To CR-NRS 

Adding On CR for a+ «c 



CR-NRS for a-b=L 



Counting Down From C for a^b-^. 

C-NRS for a+ «c 

Counting Down To C-NRS 

Counting Up fcxom Given C for a+ «c x " 

C-NRS for a-b* 

Derived "Fact M 

Number Fact M 

Iaappropriate Fact I 

No Attempt I 

Uncodable ' I ifc answer is correct, 

omitted if answer is * 
incorrect 

j 

(centinued) 



Table 14 (continued) 
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Strategy 



Category 











Given Number I 






Wrong Operation, I * 




= - * 


Models TSoth Sets *i 






All Cubes, Used I 




Y ' 


Add On/Given Number I 






CR Concrete Representation 


% 

- - ^ 



(reflecting problem structure) 



NRS — Concrete Representation 
•.<* Not Reflecting problem Structure 

C — CQun^ng^ ^ 

(reflecting problem structure) > 

C-NRS — Counting 

tfbt Reflecting problem Structure . 

M, — Mental ^ 

I — Inappropriate 



• ■ V 



9 

ERIC 
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14. In the following discussion strategies are treated 
individually within, the class of inappropriate 
strategies. 

Additio^ prpfrleps. Performance on Join and Combine 
problems is similar enough in both grades to warrant 
collapsing the data for these two verbal problems. , 
Tables island 16 present the percentage of strategies in 
the preceding levels used on verbal and abstract addition 
problems in graces K and 1, respectively. At the 
kindergarten level the strategies used for problems in 
the two contexts are similar. Concrete representation- 
strategies ^(Counting All and Subitizing) are predominant 
in both contexts and the frequencies of use of concrete 
representation, counting, and mental- strategiea^re 
nearly the same for the two contexts. 

In grade 1 the abstract' problemA^licited fewer 
concrete representation strategies. Even- when 
manipulatives were available for abstract problems with 



larger numbers, nio^e subjects used counting strategies ^ 
than concrete representation. This contrasts with 
subjects 1 less frequJnt use of counting and more frequent 
use of concrete representation on verbal problems fqr « 
which manipulatives were available. 

1 Subtraction pppfrlejnp. Tables 17 and 18 present the 
percentage "of subjects in grades K and 1 employing 



Table 15 



Kindercfartners' Percentage Use of Strategies 
on Verbal and Abstract Addition Problems 



Join and Combine Abstract (a+b> 



.) 



Strategy 
Category 



Small Larger 
Numbe rs Numbers 



Small . Larger 
Numbe rs Numbers 



7 
2 



Concrete 44 * 58 

Representation 

Concrete 
Representation 
Not Reflecting f 
Structure 

Counting - S- 

Counting 4 
Not Reflecting 
Structure 

Mental 25 6 

Inappropriate 

Guess 10 11 

Given Number 7 6 

Wj^ong 0 3 

Operation 



46 



57 



2 
4 

25 

15 
3 
0 



1_ 
8 



19 
7 
3 



* Columns do not sum to 100 because seldom-used 
strategies are not included. ' * 
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Table 16 - 

First-graders 1 Percentage Use of Strategies 
on Verbal and Abstract Addition Problems' 



Join and 'Combine Abstract (ar+b« ) 



Strategy Small Larger Small Larger 

Category Numbers Numbers Numbers Numbers 

$ 

Concrete 
Representation 

Concrete 
Representation 
Not Reflecting 
Structure 

Counting _ _ 

4 

Counting 
Not Reflecting 
Structure 

Mental 



Inappropriate 
Guess 



Given Number 



Wrong 
Operation 



* Columns do not sum to 100 because' seldom-used 

strategies are not included. 
C - Nanipulatives (cubes) available 
N - No manipulatives available 



C 45 * 
N 24 



62 
15 



IS 
3 



31 
5 



N 
N 



JC 6 
N 13 



.17. 
21 



„7. 
9 



.17 
26 



C 7 
N 13 



13 
22 



» 17 
26 



35 
24 



C 36 
N 39 



,8 
11 



58 
58 



10 
15 



C 
N 



2 
6 



0 
11 



4 

0 



6 

13 



C 
N 



0 
0 



2 
11 



0 
0 



2 
2 



C 
N 



0 
0 



0 
0 



0 
0 



0 
0 
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Table 17 

. Kindergartners' Percentage Use of Strategies 
ori Small Difference^ Verbal and Abstract 
Subtraction Problems Based <Jn a-t5*_L 



Strategy 
Category 



Separate 

Small Difference 



Abstract (a-b«_) 
Small Difference 



Small Larger 
Numbe rs Numbers 



Small Larger 
Numbers Numbers 



Concrete 48 * 

Representation 

Concrete 0 
Representation ' 
"TWc Reflecting 
Structure 



Counting 

Counting 

Not Reflecting 

Structure 

MentaJ 

Inappropriate 
Guess 

Given Number 

Wrong 
Operation 



0~ 

o 



?2 

12 
6 
4 



46 
0 

2 



48 



54 



22 
8 
4 



2 
0 



22 
10 
4 



0 
0 



26 
10 
'*2 



•* Columns do not sum to' 100 because seldom-used 
strategies are not included. 
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Table 18 

First-graders 1 Percentage Use of Strategies 
on Small Difference Verbal and Abstract 
Subtraction Problems Based on a-b- 



% Separate 
Small Difference 



Abstract' (a-b= ) 

Small Difference 



Strategy 




Small 


Larger 


Small . 


Larger 


Category 




Numbers 


Numbers 


Numbers 


Numbers 


concrete 






78 




70 


Representation 


N 


33 


33 


37 


30 


Concrete 


c 


0 


u 


u 


u 


Representation , 


N 


0 


0 


0 


4 


Not Reflecting 






• 


* 




Structure 












Counting 


C 


7 


4 


0 ' 


15 


N 


15 




4 


22 


Counting 


C 


0 


4 


0 


0 


Not Reflecting 


N 


4 


7 


4 


7 


Structure 












Mental 


C 


34 


4 


48 


7 




N 


33 


11 


44 ■ 


8 


> 

Inappropriate 




. v 


» 1 


♦ 




Guefcs 


C 




0 


4 


4 




N 


11 


7 


4 


11 


Wrong 


C 




7 


4 


0" 


Operation 


N 




4 


4 


0 















* Columns do not sum tolOO because seldom-used 

strategies are nbj^lncluded. 
C - Mani£PHftTve?r-t£ube6) available 
N - No manipiti^tives available ^ 
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various strategies on small difference Separate problems 

and the corresponding abstract problem a-b= . Tables 19 

and 20 present similar percentages of use of strategies 
on parallel large difference problems. From these tables 
it is clear that l kindergartners used similar strategies 

i ■ \ 

to so^ve these verbal' arid abstract problems. The 

incidence pf use of strategies that reflected the 

t 

structure of the problem is similar for verbal and 

abstract problems. Concrete representation strategies 

{ 

reflecting problem structure predominated. 1 

t 

At the first-grade level the strategies employed for 
Separate and corresponding abstract . subtraction problems 
^similarly reflect the structure of the problems. For - 
both abstract and verbal problems the concrete 
representation and'counting strategies npt reflecting 
problem structure were either not used or used rarely. 
The strategies employed dn small difference abstract and 
verbal* problems were used with similar frequencies. When 
manipulatives were available, mental strategies were used 
more often and concrete representation less often on 
large' difference abstract problems than on corresponding 
verbal problems. 

Tables 21 and 22 present strategies most frequently 
used by subjects in grades K and 1 on small difference . 
Join/Change Unknown problems and the corresponding 

* 

... .' . ' .. ; : m ■< 



Table 19 



Kindergartners 1 Percentage Use of Strategies 
on' Large Difference Verbal and Abstract 
Subtraction Problems Based on a-b« m 



Separate 

Large Difference 



Abstract ,(a-b* ) ^ 

Large Difference 



Strategy 
Category 



Small Larger 
Numbe rs Nurobe rs 



Small Larger 
Numbers Number^ 



Concrete 
Representation 

Cpncrete 
Representation 
Not Reflecting 
Structure 

^Counting 

\ 

Counting 

Not Reflecting 

Structure 




mg 

ration 



34 * 



2 
2 

32 

12 
6 
2 



48 



b 



16 
6 
4 



38 
0 



4 

20 

16 
8 
4 



42 



10 
Q 



28 
8 
2 



*• Columns do not sun to 100 because seldom-used 
strategies are not included. 
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•Table' 20 

First-graders* Percentage Use of Strategies 
, on Large Difference Verbal and Abstract 
Subtraction Problems Based on a-b* 



Separate Abstract (a-b* ) 

Large Difference Large Difference 



Strategy 




Small 


Larger 


Small 


Larger* 


Category 




Numbers 


Numbers 


Numbers 


Numbers 


Concrete 


c 


52 * 


^56 


26 


*>6 


Representation 


N 


41 


22 


33 


.30. 


Concrete 


C 


0 


0 


. 0 


0 


Representation 


N 


0 


0 


0 


0 


Not Reflecting 












Structure 












Counting 

( \ 5 


C 


11 . 1 


A 

r 22 - 


► 

0 


7 


N. 


11 / 


37 


19 " 


41 


i * 

Counting 


C 


0 ~ 


0 


0 


0 


Not Reflecting 


N 


e 


.0 


. 0 


•4 


Structure 












Mental 


C 


22 


7 


63 


- 26 




N 


41 


19 


48 


7 . 


Inappropriate 

* 












Guess 


C , 


0' 


'■>s 


7. 


1 




N 


4 


7 


0 


ii 


Wrong 


C 


7 


7 


4 


4 


Operation 


N 


4 


7 


0 f 


0 



* Columns do. not sum to 100 because seldom-used 

strategies are not included. 
C - Manipulatives (cubes) available 
N - No manipulatives available 



* 
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Tabte 2ir 



Kindergartners* Percentage Use of Strategies 
on Small Dif fedejicek Verbal and Abstract 
Missing Addend Problems 

i_ 

Join/Change Unkn^yn Abstract (a+ «c) 

Small Difference Small Difference 
_ ^— - — . 

Strategy Small Larger Smcg.1 Larger' 

Category Numbers^ Numbers Numbers * Numbers 

Concrete 24 * 36 32 32 

Representation 

v Concrete '0 0 6 0 

Representation 
Npt* Reflecting , 
Sfcjr ucture 

4 *r 

Counting 6 10 8 m r 10 

C pun ting 0.0 0 0 

liot Reflecting • * 

Structure ^ _ • 

Mental , 40 *r 6 14 . 8 

Inappropriate , 

Guess 14 . . 22 22 18, 

Given Number » 4 . 8 4 6 

Wrong 10 ' L2 14-12 

Operation - , 

Add On/ # 0 6 - 4 8 

Given JJumber 

? Columns do not sum* to 100 bec^bse seldom^used / 
strategies* are^ not included. P f I 

■ • . 192 . 
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Table 22 

First-graders 1 Percentagewise of Stratgies 
on Small .Difference Verbal and Abstract 
Missing Addend Problems « 





Join/Change 


Unknown 


Abstract (a-fc 






Small Difference 


Small 


Difference 


Strategy 




Small 


Larger 


Small 


Larger 


Category 




Numbers 


Numbers 


Numbers Numbers 


Concrete \ 




• 


- - ' 




r .' 


c 


44 * 


44 


15 


15 < 


Representation 


N 


11 


' 7 


15 ' 

±. -J 


7 


Concrete 


C 


0 . * 


o, 


. 0 


22 


Representation 


' N 


o 


o 


o 


o 


Not 'Reflecting 












Structure 










• 


Counting 


C 


11 


22 


19 


4-1^ 




N 


30 


33 


19 


• 26 


Counting 


c - 


0 * 


0 


0 


-* 

0 


Not Reflect ing&»~N 


0 


0 


0 


0 


Structure 4 




* 








Mental * * 


c 


30 *> 


11 


48 


4 




N 


37 


4 


45 


- 15 


Inappropriate 












Guess 


C 


- 0 


4 


4 


11 ■ 




N 


7 


15 


0 


33 


Given Number 


C 


0 


0 


4 


4 




N 


0 


11 


o : 


. 0 


Wrortg 


C 


11 


.4 


7 


4 


Operation 


N 


4 


-7 


15 


7 . , 



f 

* Column^ do not- sum to 100 because seldom-used 

strategies are not included. 
C - Manipulative* (cubps) available t 
N - No iftanipulatives available * 
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abstract problem a+ =c. Tables 23 and 24 present 

similar percentages of use of strategies on parallel 

# 

large difference problems. As with the previous 

£ 

subtraction problems, it; is clear that kindergartners 
used the same strategies to solve these verbal and 
abstract missing addend problems. The concrete 
representation and counting strategies used reflect 
problem structure in both contexts. 

At the first-grade level, except for small 
difference abstract problems with larger numbers (see 
Table 22), the concrete representation and counting 
strategies usad on Join/Change Unknown problems, and 

abstract proplems such, as a+ -c reflect the structure of 

the problems. .The principal difference in the frequency 
with which appropriate strategies Were used on these 
abstract and verbalr missing, addend problems is less use - 
of concrete representation on abstract than verbal 
problems when manipulatives were available. This 
decreased use of 'concrete representation wa$~te>ffset by 
increased use of number facts when problems contained 
small probers and by increased use of counting strategies 
when problems contained larger numbers. 

Use of the wrong operation by first-graders is 
comparable for problems in the two contexts. However, 
guessing occurred mors frequently on small difference 
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Table 23 



, Kindergartners 1 Percentage Use Strategics 
on Large Difference Verbal and Abstract 
Missing Addend Problems . 



Join/Change Unknowr? 
Large Difference 



Strategy 
Category 



Abstract (a+* =c) 
Large Difference 



Small^ Larger 
Numbe r s Numbe r s 



Small Larger 
Numbers Numbers 



26 
2 



6 
0 



12 
8 
22 



30 
4 



4 

0 



Concrete 36 * 34 

Representation 

Concrete 2 6 

Representation 
Noti Reflecting' 
Structure 

Counting 6 

Counting 0 
.Not Reflecting 
Structure 

Heptal 12 2 

Inappropriate 

Guess '8 24 

vGiv:6n Number 6 12 

•* 

Wrong 14 10 

Operation 

" Add On/ 6 6 

Given Number 



-7— *7 ^ 

* Columns do not sum to 100 because seldom-used' 
strategies, are not included. 



22 
4 
22 
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Table 24 * 

First-graders 1 Percentage Use of Strategies 
on Large Difference Verbal and Abstract 
Missing Addend Problems 



Join/Change Unknown 
Large Difference 



Abstract (a+ =c) 

Large Difference 



Strategy 




small 


Larger 


Small 


Larger 


Category 




Numbers 


Numbers 


Numbers 


Numbers 


Concrete 


r 


48 * 


52 z' 


22 

4m 4* 


44 


Representation 




22 




11 


7 • 

* 




r 




• s . 

n 
\j 


O 

o 




Representation 


N 


-o . 


0 


' 0 


0 


Not Reflecting 












Cf r nc^n r p 












Counting 


c 


3 


19 


11 


15 




N 




30 






Counting 


c 


0 


0 


' 0 


0 


Not Reflecting 


N 


0 


0 


4 


0 


Structure 












Mental 


C 


• 

30 


4 

4 ' 


37 


7 . 




N 


30 


7 


37 


11 


Inappropriate 


1 








I 


Guess 


c 


4 


0 


4 


7 




N 


4- 


19 


7, 


26 


Given Number 


C 


0 


0 


7 


4 




N 


7 


4 


0 


0 , 


Wrong* 


C 


7 


4 • 


11 


4 


Operatiorf" 


N 


15 


19 


,.15 


15 















* Columns do not sum to 10 0 because seldom-used 

strategies are not included. 
C - Manipulatives (cubes) Available 
N - No manipulatives^ available 



ERLC 



196 



V 



[183] 



> 



ERIC 



abstract missing addend problems Ahan on small difference 

* * 

Join/Change Unknown problems. 

Su mmary . At both grade levels thp types of 
strategies elicited by addition and subtraction problems 
'clJarly reflect problem structure for both abstract and 
verbal contexts. At the kindergarten level the 
frequencies with which these strategies were used are 
similar for abstract and verbal addition problems as well 
as subtraction problems. For both addition and % 
subtraction, first-graders display differehces in the 
frequencies with which certain strategies were used on 
verbal* and abstract problems. The principal difference 
was that concrete representation sometimes occurred less „ 
on abstract than verbal problems* usually when 
manipulative^ were available. Thus, Question 4 can be 
.answered negatively at the kindergaxten level and 
affirmatively at the first-grade level. . 

Are kindergarten an<^ first-grade children's 
strategies for solving verbal t>r abstract 
, • problems different for problems with small 

numbers than for problems with larger numbers? ^ 
The descriptive analysis for this question is based 
on the data in Tables 15 through 24 concerning the * 
percentage of use of six clashes of strategies. At both 

197 
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grade levelsjconcrete representation and counting 
strategies no# reflecting 'problem structure were used 
infrequently enough to preclude the existence of any 
meaningful differences in the use*of thesenffrategies on 
small and larger number problems in either the verbal^or 
the abstract context. ' \ , . 

The principal difference in strategy use on small 
and laVs^er number problems is less frequent use of. mental 
strategies on larger Prober problems than on thdse with 
smaller numbers. For addition problems this difference 

' i 

occurred on both abstract and verbal prdblems in both* , 
grades. For subtraction problems first-graders employed 
fewer mental strat egies on the larger number problems in 



both contexts, but kindergartners^soifry did so on large 

j 

difference Separate and small d iff erenc>^oin>GJiange 
Unknown problems. At the first-grade level the decrease 
in mental strategies on larger number problems was often 



accompanied by increak^d u$e of either counting or 

concrete representation strategies. 

. 9 For small and large difference abstract missing 

addend problems and large difference Join/Change Unknown' 

problems the' decrease iri\ mental 'strategies on larger 

number problems was also accompanied by an increase In 

guessing. Thus, primarily ,at the first-grade level, 

* * • 

there was a higher* incidence of more primitive strategies 



9 
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$ on larger number problems than on those with smaller / 
numbers. 

Do first-traders who use counting strategies 
to solve verbal and/or abstract subtraction 
problems use strategies which mirror problem 
structu^ or -strategies which reflect attention 
to the efficiency of alternative counting 
procedures? 

Dajta for this question are generated from the * r- 

strategies used by f irst-gradfers on the pairs of related 

subtraction prob^ips vith small "and large' dif ferences, 

ti ' 

e.g., 8-6**k_ and 8-2= or 6+ =8 and 2+ =8. Tables 257 

'fcnd 26 classify individuals according to their strategies 
on- the small and large difference abstract and verbal 

prob/ems based on a^b* and a+ «c, respectively. 

> 

The most efficient counting strategies for these 
problems are Counting Up From Given or Counting Down To 

on the small difference problems and Counting Down From 

* • * 

on large difference problems, since thes* minimize the. 
number of counts usfcd. Tex det^tmiqe whether individuals 
used counting strategies that reflected attention to the 



efficiency of the counting process it is necessary to 
test whether the proportions ,of^ subjects using Counting 
Up From Given or Counting Down To differ for the large 
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Table 25 



Number of First-grade Subjects Exhibiting Counting 
Strategies for, Pairs of Abstract and Pairs of 
Verbal Problems Based on a-b* . 



a) Abstract - smaJyl numbers 



Small 

Difference 
Problem 



Large Difference Problem 





UG, DT 


DF 


* Other 


UG f DT 


0 


1 


0 


DF 


0 


0 


1 


Other 


0 


4 


. 48 



b) Abstract -larger numbers 



Small 

Difference 
problem 



UG, DT 



DF 



Other 



Large Difference Problem 



UG f DT 



DF 



Other 
i 



37 



(continued) 



* 
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Table 25 (continued) 



. 1 



cl> Sep&rata. - small humbers 

\ Large Difference Problem 



Small 

Difference 
Problem 





UG, DT. 


DF 


Other 


UG,DT 


0 


'0 


1 


DF 


0 


. ' 3 


3 


Other 


0 


3 


44' 



V 



d) Separate -larger numbers 



j 



Small 

Difference 
Problem 



Large Difference Problem 



1 * 


ug,'dt 


DF 


Oth«r 


UG, DT 


6 ' 


2 


1 


DF 




6 


-I 


Other • 


0 


8 


36 



UG,DT - Counting Up from Giveji or Counting Down To 
DF - Counting' Down Frqm 

» 

Other - Any strategy other than UG,DT or DF* 
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Table 26 

4 ' 

dumber of First-grade Subjects Exhibiting Counting 
Strategies for Pairs of Abstract and Pairs of 
Verbal Problems Based on,a-K =c. 



a) Abstract - small numbers 



Small 

Difference 
Problem 



Large Difference Problem 





UG,DT 


DF 


Other 


, UG,DT 


5 


1 


4 


DF 


0 


0 


o • 


Other 


2 


0 


42 



Abstract - larger numbers 



Large Difference Problem 



Small, 

E>if f erencie 
Problem 



0 


UG,DT 


DF 


Other 


UG, QT 


8 

1 


0 


10 




0 


0 


.0 *. 


7 Other 


3 


0 


33 



\ 



(continued) 
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Table 26 (continued) 



c) Separate - small numbers 

Large Difference Problem 



Small* 

Difference 

Problem 



p 


UG,DT 


DF 


i 1 

Other • 


UG,DT 


4 * 


0 


7 


DF 


0 


0 


0 


Other 


1 


0 * 


42 



d) Separate - larger numbers 

Large Difference Problem 



Small 

Difference 
Problem 





UG,DT 


DF 


Other^ 


UG,DT 


8 


0 


- 7 


DF 


0 


0 


0 


Other 


5 


0 


34 



UG f DT - Counting Up From^Given or Counting* Down To 
DF - Counting Down From 

Other -.Any strategy other than UG,DT or DF * 
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and-small difference problems. Likewise, it is necessary 

4 

to determine. whether the proportions of sub jects f using 

* » 

Counting Down From differ oh large difference and small 
difference problems. Since 3X3 tables are involved, 
the appropriate test is the Stuart t£St for-the equality 
of correlated marginal' probabilities (Marascuiio and 
McSweeney, 1977) . 

Since the Stuart <test is performed for eight 
contingency tables, the level of significance chosen is 
.01. This^ ensures that an overall level less, than .10 is 
maintained acY&ss use t)f this teat. The critical value 
for significance of ^the contrasts involving the v 
differences in proportions of strategy use orf small and , 
large difference problems is 2.447. 

Table 27 pives the value of the two contrasts of 
interest ft>r each of the contingency tables. For 

problems based on afb= and for Chose based on a+ =c, 

the proportions of use of Counting Up From Given and 
.Counting Down Tb on small and large difference problems 
do not differ significantly for abstract or for verbal ^ 

r » . 

* , ' i 

problems with small and larger numbers. Likewise, no 

differences in the proportions of use of Counting Down 

From on small and large difference problems occur under « 

#» ■ 

V any of the conditions* Thus, although older children may 

K 

* • 

.do so, there is no' evidence that first-graders base their 
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\ Table 27 • 

Contrasts Invd^vajjc^jE^strgraders 1 Counting* Strategies , 
for Two TyJJes 6£ Subtraction Problems ^ 



Source n Contrast Significance 
. . — V~ : V 

Table 2.5 a) * CI = .019 1 * ' ns (p>.01) 





C2 = 


-.07 4 


ns 




b) 


CI = 
C2 = 


-.956 . 


ne 

11D 

ns 


• 

-it < 


ok 


• - CI = 
C2 


.019 

000 


•ns 

ns 


• 


d) 


CI - 
C2 = 

• 


".056 • 
-.166 

» 

• 


ITS 


: * 


! 26 a) ^ 


CI = 
C2 - 


* .055 
-.01^ 


ns. 
ns 


• 




CI = 
C2 = 


.129 
.000 


ns 




c) 


CI = 
C2 = 


.111 

.loo 


ns. 
ns 




.. d)' 


CI '= 
C2 = 


.t>37 
.000 


ns 
ns 


* 


p.l-pl. 


• ■ P(UG,DT use'd for 


small c 


Jifference problem) 



.-P(UG,DT used for' large difference problem) 

C2* p.2-p2. « P{Dfr used for -small difference problem) 
-P(DF t used for large 'difference problem) 
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counting strategies on the efficiency of the counting 
process. 

J * r 

Inspection of Tables 25 and 26 indicates that 
subjects who used counting strategies for fcoth small and 
large difference problems nearly always used Counting 

Down Ftom for both problems based on a-b- . Counting Up 

From Given was nearly always used for both problems ba^ed 

on, a+ »c. Thi^ indicates that counting strategies 

mirrored the semantic structure of the subtraction 
problems regardless of the size of the difference between 
the numbers. 

Differences in_£eifQj:maiige_lii-GxAd££,£,dlld^l 

4 

Are there differences in the level of 

* 

abstraction -of k'indergartners ' and first- 
graders' strategies? f 

The tfescripfive analysis for this question is based 
on a comparison of fcindergartners ' and first-grader^ 1 
frequency of use of strategies categorized within 
qualitatively ^different and increasingly abstract 
strategy levels: inappropriate, concrete representation, 
counting, and mental. Table 28 presents the pe^entage 
of total strategies in each of these strategy levels for 
the two grades. Since the use of concrete representa£ion 
strategies could be influenced by the presence of. 
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• ' , Table 28 

*/ 

Use of Four Categories of Strategies as 
Percent of Total Strategy Use 



Strategy Category 
Inapprc^- Concrete Counting Mental 
pr iate Represen- 
tation 



Grade 

Problem Type K 1* K 1 K . 1 > K 1 



r 



Join 


27 


8 


46 


52 


7 . 


20 


20 


19 


Combine 


22 , 


6 


56 


54= 


11 


17- 


11 


25 


ads tract ia+p g J 


2. 1 


6 


51 


2. J 


/ 


•3 O 
J O 


14 


34 


Separate 

(small difference) 


37 


13 


47 


61 


1 


. 8 


15 


19 


Abstract (a-b= , 

small difference) 


47 


•8 


51 

j 


56 


1 


8 


2 


28 


Separate 

(large difference) 

Abstract (a-b« , 

large difference) 


3-5 
40 


13 41 
ll^ib 


54 
41 


4 

7 


17 
4 


20 
13 


15 
45 


Join/Change Unknown 
(small difference) 


39 


19 


30 


44 


8 


17 


23 


21 


Abstract (a*+ =c, 

small difference) 


48 


19 


32 


26 


9 


'30 


11 


26 


Join/Change Unknown 
(large difference) 


50 


20 


39 


52 


4 


11 


7 


1 


Abstract (a+_«c, 
large difference) 


60 


23 


31 


.43 


5 


13 


4 


22 



* First-grade subjects with manipulatives available 
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manipulatives, the grade' K data are compared only bo the 
data from first-graders who had objects available. 

The incidence of use of the more abstract Counting 
and mental strategies was higher for grade 1 than grade 
K. The differences between grade K and grade 1 in the 
percentage of total strategies falling -into the concrete 
representation category are mixed; on some items first- 
graders used concrete* representation more than 
kindergartners, and Tin ott\ers the percentages are nearly 
equal. This is primarily a result of first-graders' use 

of fewer inappropriate* strategies. First-,graders used 

* 

concrete representation much less frequently than\^ 
kindergartners did only on abstract addition problems. u 

For most problems, a greater percentage of first- 
graders 1 than kindergartners 1 strategies consists of the 
more abstract counting ami mental strategies. At the 
kindergarten levej strategies are primarily inappropriate 
or cohcretelyjroased, and at the first-grade level they 
are concretely-based , or more abstract. Thijs, Question, 7 
can- be answered affirmatively. 

Question. B 

Are there differences in the flexibility 
with which kindergartners and first-graders 
choose ampng alternative strategies reflecting 
and not reflecting problem structure? 
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The data in Tables 15 through 24 indicate that other 

than pn addition problems at the first-grade level, 

children in both grades seldom use£ concrete 

representation and counting strategies not reflecting 

problem structure,- Especially on subtraction prpblems 

such strategies were used so seldomly as to preclude 

drawing any meaningful conclusions about differences 

between subjects in the two grades. Furthermore, when 

subjects 1 strategies for p&irs <jf problems with identical 

number sifces and identical underlying number sentences 

(e v g., small and large difference Separate problems) * are 

examined, it is evident that the most common occurrence 
■ ' . ' . • + _ 

on such pairs of problems is the use of strategies from 

the same category (e.g., both iHental or both concrete 

representation reflecting problem structure) • On only 2% 

of tiie 600 such pairs of problems at the kindergarten 

level and 4% of the 648 pairs of problems at the first- 

grad$ level did subjects use^ one concrete representation' 

or counting strategy directly reflecting problem 

structure and one not reflecting problem structure. Due 

to such limited occurrences, Question 8 must be-^nswered 

negatively. 

Are kindergartners 1 errors of inter- 
pretation qualitatively different from' those 
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exhibited by first-graders? 

Data for this question are analyzed descriptively. 
With one exception the errors of interpretation " t 
exhibited by the kindergartners are the same a6 those 

exhibited by the f irst->graders. Use of a correct but 

\ 

inappropriate number fact is the only error that occurred 
exclusively at the kindergarten letvel. 

Do various types of errors in solving 
addition and subtraction problems occur with 
differing relative frequencies for kinder- 
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garten and first-grade children? 
' The description of errors includes a discussion of 
several errors of interpretation fchat ajre^also considered 
inappropriate strategies and were discussed to some 
extent in previous questions. The present discussion . 
focuses on comparing the ocurrence of these errors 
(strategies) for the two gra£e levels. Table 29 gives 
the frequency of errors at the two grade levels on verbal 
and abstract problems. These frequencies are compared 
for problems with small numbers and for problems with 
larger numbers. Thus, the comparison between grades is 
* baaed on, pr£>lems with different number sizes. 

PlQCeflPffll Errors. The frequency of occurrence of 
procedural errors in grades K and 1 varies depending on 
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Table 29 
Frequency of__Errors 



JJirbal 



Abstract Verbal 



Abstract TOTAL * 



Small' 
Numbers 



Small 
^Numbers 



Larger 
Numbers 



Larger 
Numbers 



Grade : 

PROCEDURAL ERRORS 



- 1 



K - 1 



A < 



Mis^Qupt 


5 


24 


4 


11 


3j0 


56 


27 


49 


.66 


140 


Forget 


20 


c 
0 


7 


2 


13 
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2 


47 
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Fact . 


7 


10 


3" 


8 
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8 
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8 


15 


34 


ERRORS OF 
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INTERPRETATION 
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Guess 


33 " 


12 


51 


10 


53 


21 


66 


40 


203 s * 


83 


Given Number 


19 


2 


18 


3 


25 


12 


21 ,. 


5 


83 


22 


Inappropriate 
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Fact 


1 


i 


3 


0 


1 


0 


0 


0 


5 


-o 


No Attempt 


4 




6 


4 


9 


17 


' 5 


16 


24 


39 


. Wrong, Qpeiatiflp 15 


17 


22 


17 


18 


16 


22 


9 


77 


59 


Incorrect 
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• 






Modeling 






















Model Both 






















Sets 


0 


0 


4 


1 


2 


0 . 


5 • 


1 


11 


2 


. All Cubes 






















Used 


1 


6 


•1 


0 


0 


8 


0 


0 


2 


14 


Identification 






















' af Answex 
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* 








Given Number 


' 3 


0^ 


5 


0 


6 


3 


7 


0 


21 


3 


Ten Fingers 


0 


0' 


0 


0 s 


1 


9 


N 2 


10 


3 


19 


Configuration' 


0 


0 


0 


0 •. 
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o- 


2 


2 
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* Total Responses; 


Grade 


K — 


1200 


(N- 


50) 
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Grade 


1 -- 


1296 


(N- 


54) 
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the type of error'. M'iscpunting occurred more frequently 
at the first-grade level. This is .undoubtedly due to 
. first-graders' more frequent use of strategies involving 
couhting # and thre inclusion of problems with larger 

, numbers which- offer more opportunities to miscount. At 
each grade level miscounting occur red more -frequently on* 
problems with larger -numbers. * Torgetting the problem 
data occurred less fxequently among first-grade subjects. 

v Use of an incorrect number fact occurred twice as often 
among first-graders as kindergartners, but again, this 
was likely due to first-graders 1 more frequent* use, of 
number facts. * 

EUQES Qt interpretation. Pour categories of 

interpretation errors are used. Superficial errors 

« 

include guessing, responding with a number given in the 
problem, use of an inappropriate number fact, and making, 
no attempt to solve the problem. Use of the wrong 
operation comprises a second category, and two types of 
incorrect modeling, modeling both sets in subtraction and 
attempting to use all available manipulates, comprise a 
third categor^of interpretation errors, \ncorrect 
identification oftthe answer set is the fourth Category, 



A 



and includes the error inheTfciit in^the Afld^On/Given 
Number strategy, errors involving the final configuration 
of manipulatives or fingers, and the errors caused by 
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limitation to ten fingers. <«► 

C ' 

Superficial errors of interpretation occurred less 
frequently at the first grade level than at the 
kindergarten level. Overall^ guessing was used less than 
half as often by first-graders than kin^efrgartners, but 
when first-gradje subjects are Classified according to _ 
those- with and without manipulatives available, there are 
majrked differences in the frequency of guessing. Those 
first-graders wr^h manipulatives available guessed about 
one-tenth as often as the kindergartners, but the first- 
* graders who had no manipulatives guessed more than half 
as often .as the kindergarten subjects. Responding with a 
number given in the problem occurred about one-fourth as 
often among first-gjrade subjects as among kindergartners. 
The Inappropriate Fact error occurred only at the 
kindergarten Uevfel. Making no attempt to solve the 
pr^lem occurred with approximately equal frequency in 
the two grades, but when subjects are again classified by 

the availability of manipulatives, making no attempt 

• * 

occurred only once when objeS^s were available but thirty 
-eight tiroes when no xJbjects were available. Thus, if 
ehfe kindergarten subjects are compared with the first- 
g^rijde rs who had objects available, no attempt occurred 
much lerfte f requently*at tbe first-grade level. In 
contrast, the 27 first-graders who had no objects 
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available made no attempt^to solve the problem about 
three times as often per subject as the kindergartners 
who did have, objects available. 

In contpa£t to superficial ^errors, which invol\£ a 
lasfc of interpretation of the^ problem, use of the wrong 
operation (an •ftp ^prre ct interpretation of the problem) 
occurred only slightly less often at the f i-rst-grade 
level. I* both grades this error Occurred most often on 
verbal and abstract missing addend problems. 

Incorre'ct modeling errors, which involve incorrect ^ 

representation, of the problem, occurred infrequently at 

J 

each grad^ level* First-graders seldom modeled both sets 

on subtraction problems, and few subjects in jeither grade 

* 

attempted to use all of th^ available manipulatives 
(although one aberrant first-grader used this strategy on 
twelve* problems) . 

Results of the comparison of identification of the 
answer errors across the two grades are mixed. The Add 
On/Given Number .error occurred much less frequently among 
first-graders, but duetto larger numbers being used in 
the fii;st-grade problems, the Ten Fingers error occurred 
more frequently in grade one* Errors based on the final 
configuration of objects or fingers occurred infrequently 
in both grades*. 

ffUfflmry Although procedural* errors occurred 
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frequently in both gracles, there are differences in the 
frequency of forgetting the problem data and miscounting 
across the two grades* On errors of interpretation there 
are greater differences between kindergartners and first- 
graders. Many of the errors of interpretation occurred 
less frequently ^among the first-^rade subjects than among 
the kindergartners. First-graders failed to interpret 
problems- (used superficial solutions) less than the 
kindergarten subjects did, and the£ seldom incorrectly 

modeled the subtraction problems of the f?orra a-b= . 

However, first-grader^ incorrectly interpreted problems 
(used the^ wrong operation) and committed errors involving 
identification of the answer set nearly as frequently as 
kindergartners. In contrast to the kindergarten 
subjects, the first-graders were willirkj *to attempt to 
solve virtually all of the problems ilmanipulatives were 
available. When no objects were available, however, 



first-graders made no attempt to; solve problems more 
w often than the kindergartners (all of whom had objects 
available) • 

. * m 

Although some types of errors occurred relatively 
infrequently ove^ll, the jiuipfrej: of subjects exhibiting 
those errors is often substantial. For example,, use of 
the fcrong opeiratioh occurred on less than seven percent 
of Hie total responses at the kindergarten level, yet 52% 

( 
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of the kindergarten subjects used the wrong operation on 

. \ . *S 

at least one problem. Less than five percent of the 
first-grade responses involved* use of the wrong 
operation f but 35% of the first-graders used the wrong 
operation at }east once. The percentage of subject^ 
exhibiting' modeling errors at least once declines across 
the two grade levels, with only 4% of the ^first-graders 
as compared to 18% of the' kindergartners exhibiting such 
errors. The number of subjects who experienced 

S 

difficulty in identification of the answer set is nearly 
the same for the two grades (30% in grade K and 28% in 
grade 1). Thus, just as most errors occurred less 
frequently at the first-grade level, the number of 
subjects exhibiting those errors also is lower at the 
first-grade level. ~ ' \ 

Question /ll " 

) What individual differences occur amfon^ 

j 

kindergarten and first-grade childreniX ^ eir 
^ ability to solve and their strategies for solving 
verbal and abstract addition and subtraction 
problems, i.e., within each grade level can 
interpretable clusters of children be formed 
according to the types of problems they can 
solve and the types of strategies th6y employ? 
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Four cluster analyses are used to group subjects 
within each t)f the .two grade levels on two dimensions, 
the types of problems they' could solve and the strategies 
they used. In order to cluster subjects by the types of 
problems they could solve (as measured by use of an 

appropriate strategy), it is necessary to determine the 

t 

freqency with which each subject used appropriate 
strategies on six types of problems. Appendix H gives 
these frequencies for verbal addition problems, verbal 

subtraction problems based on a - b« , verbal 

subtraction problems based on a+ »c, abstract addition 

problems, abstract subtraction problems based on a-b= , 

and abstract subtraction problems based on a+ «c. Since 

there ate two problems of each type within each of the 
two number size levels, each subject's frequency of use 
of an appropriate strategy on a giVten problem type can 
range from 0 through 4. * 

Appendix I gives the frequency with which each 
subject used various solution strategies across the 
verbal and abstract problems. Since kindergartners used 
some counting and concrete representation strategies 
infrequently, the original set of nineteen strategies is 
collapsed to fifteen by combining the frequencies for 
Counting All and Subitizing; Counting From Smaller and 
Counting From Larger; Counting Up From Given, Counting 

\ 
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Down Prom, and Counting Down To; ajid Number Fact and 

Derived Fact. First-graders 1 strategies are similarly. 

♦ '\ 
collapsed. Each* subject solved twenty-four problems, so 

r * 

the frequencies in Appendix*! can range from 0 to 24. 

. T&e data in Appendices H and I are the basis for the 
clusterings of subjects on the dimensions* involving the 
types of strategies they used and the types of problems 
on which they used 4n appropriate strategy. Complete 
link hierarchical clustering was performed using the 
Clustering Research Program (Baker, Note 22) . The 
similarity measure for a pair of subjects was the sum of 
the squares of differences df standardized scores over 
problem types in the one analysis, and over strategy 
types in the other. Elbows in the graph of the diameters 
(difference in similarity values for the grouping)' at 
each level of clustering were used to determine the 
iteration at which to interpret the clustering. 

, When kindergarten subjects are clustered by strategy . 
use, five clusters of subjects are formed. Table 30 
lists the subjects included in each cluster. Cluster KSi ^ 
includes five 'subjects who frequently used counting ahd 
mental strategies. Cluster KS2 includes sub jects who 
often attempted to use mental strategies and/or guessing 
to solve the problems. The more frequent incidence of * 
inappropriate strategies distinguishes this cluster from 
* 
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Table 30 

r i 

Clusterings of Kindergarten Subjects 

„ , Cluster Subjfects - • 
1 r t 

Clustering 4 by Types of Strategies Used 

# 

KSl ( 1, 17, 18, 36, 40 ) 

KS2 ("3, 44, 35, 7, 12, 26, 23, 48, 42, 38, 16 ) 

KS3 ( 2,* 43, 6, 32, 45, 30, 47, 15, 24, 21, 

28, 37, 8, 5, 49, 50, 19, 16, 20, 31, 25, 
13, 22, 4, 29, 41, 9, 11, 14, 39 ) 

KS4 - ( 34 ) ? 

KS5 i 10, 27 ) 9 

Clustering by Use of Appropriate Strategies on Six 
Types of Problems * , 



. KA1 


( 1, 


4,' 9, 2, 32, 36, 43, 18, 


$A2 


40, 


6,, 50, 15, 21, 47, 37, 25 


( 5, 


30, 39, 14, 49 ) 


KA3 


( &, 


11, 31 ) 


KA4 


' ( 29, 


33 ) 


KA5 


( 16, 


17, .41, 20 ) 


KA6 


< V 


48 ) 


KA7. 


( 23 


) 


\ KA8 , 


( 7, 


38, 35, 46, 12, 44, 42 ) 


£a9 


( 26, 


27 r 


^KAIO - 


( 10, 




*KA11 


( 13, 


1*9, 34 )^ 



of 
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KS1. Subjects in cluster KS3 comprise the bulk of the 
kindergarten sample (31 subjects). This cluster is 
distinguished by its frequent use of concrete * 
representation strategies/^primarily Counting All, 
Separating From, And Adding On. Cluster KS4 consists of M 
one subject who frequently made no attemp^ to solve the 
problem and cluster KS5 consists of two subjects^ whose 
strategies included concrete representation and making no 
attempt. Tbe^analysis, therefore, yields three main 
clusters: subjects (KS3) who relied on concrete / 

D / 

epresentati'on strategies and possibly v used, a. number Of 
inappropriate strategies, subjects who used more abstract 

' V"- \ 

~r<- \ - 

counting and mental strategies (KS1), and the subjects in 

KS2 who attempted to solve 0 problems abstractly (often 

unsuccessfully) . 

The clustering of kindergartners along the dimension 

of pro^em types on which appropriate strategies were 

used yields the eleven clusters in Table 30. Cluster KAJ 

includes subjects who solved (used an appropriate 

strategy on) nearly all problems. Subjects in KA2 solved 

nearly all problems except the abstract missing addend 

*» • 

problems. KA3 subjects experienced difficulty primarily 
on abstract additon and abstract miss\ng addend problems. 

9 

•Cluster. KA4 includes- subjects whose primary difficutly 
occurred on Separate problems. Subjects in KA5 s<£^ed 
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verbal problems and abstract addition problems, but few 
others. KA6 includes subjects who solved\some verbal 
problems but few or no abstract problems. A single 
subject who succeeded only on Separate problems comprises 
cluster KA7. KA8 consists of seven subjects who used 
few, if any, appropriate strategies. The subjects in 
cluster KA9 solved no verbal problems but a few abstract 
problems. RA10 includes tw$ subjects who solved only 
addition problems (verbal and abstract). The f in^i % 

.uster, KA11, includes subjects who did not solve 
missing addend problems in either context. 

Clusters KS3 and KA1 each represent substantial 
portions of the kindergarten sample. Comparison of the 
membership across clusters can be used to further 
distinguish among the membership of the large clusters in 
either dimension. For example, the subjects of cluster 
KS3, who primarily used concrete representation 
strategies, are members of seven of the categories of the 
other clustering (all but KA6, KA7, KA8, and KA9) . 
Similarly, the members of KA1, who used appropriate 
strategies on nearly all problems, are split among ^ 
clusters KS1 and KS3. Thus, a large number of subjects 
who are homogeneous in terms of the strategies they used * 
differ widely in jthe types' of problems on which they used 
approp***^? strategies. Similarly, a large group of 
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subjects who appear homogeneous in terms of the problems 
they pould solve, can* be discriminated among by the types 
Qf strategies they used. 

The clustering of f irst-^rad^^paccording to the 
strategies they used yi^ds twelve clusters. Table 31 
lists the subjects included in rfach cluster . Cluster fSl 
includes subjects who used concrete representation 
'strategies, some equating strategies, number facts, and 
only a few inappropriate strategies. The second cluster, 
FS2,, is somewhat similar to the first, with subjefcts 

employing concrete representation, using number facts, 

- — "i« 
« 

and exhibiting counting strategies 'primarily on addition 
problems. /Cluster PS3 includes four subjects who made no 
attempt on approximately one-fourth of the problem^ 
usually those With larger numbers, and ofteii attempted to 
recall number facts. This cluster used some concrete 
representation strategies and often guessed or used other 
inappropriate strategies. PS4 consisted of a single 
subject who Used Counting All, guessed, and made no 
attempt to solve nine of the problems. Cluster FS5 is 
characterized by a. high incidence of guessing, when not 
guessing, the three subjects in PS5 used jlif^erent 
strategies, one using primarily concrete representation, 
another using concrete representation and mental 
strategies, and the other- using counting and mental 
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Clusterings o^First-grade Subjects 



Cluster Subjects t 



Clustering 


by 


Types 


of Strategies Used 
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FS1 


( 


i, 


53, 


51, 


37, 38, 


47, 


7, 


16, 


3, 8, 12, 28) 


FS2 


( 


22, 


36 


r 41 


) 










FS3 


< 


5, 


11, 


49, 


42) 










FS4 


( 


39 


) 












- 


FS5 
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6, 


43, 


'44 ) 












FS6. 


(. 


2, 


50, 


52,^ 


20, 49, 


30, 


35, 


46, 


10, 19) 
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FS7 


( 


17, 


23 


r 24, 


25 .) 










FS8 


( 


4,. 


14 


) 












FS9 


( 


9, 


33, 


34, 


40 ) 










FS10 


( 


13, 


54 


r 15, 


21, 26; 


27, 


31 


r 29 
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FS11 


( 


18, 


45 
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FS12 
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32 


z 














Clustering 


by 


Use 




Appr opr iate 


Strategies 


on Six 



Types of Problems .f 

FA1 ' ( 1,. 2, 3>vjn- r 12, 19, 21, 46, 47, 50 
52, 53, 54,^*1, 7, 8, 22, 15, 3-6, 35 
13, 20, 49, 51y 24, 38, 31, 33, 34, 40 
9, 2'9, 16, 28,\30, 37, 26, 23, 27, 45 )• 
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strategies. Cluster FS6 includes' ten subjects who 
recalled number facts as their primary strategy, who used- 
counting strategies on both addition and subtraction 
problems and also used number facts, or who used number 
facts along with some counting and concrete 
representation strategies. The subjects in cluster FS7- 
^each used severaF uncodable strategies. Their other 
strategies were less homogeneous, with one usi.ng concrete 
representation, counting, and^mental strategies^fc^o 
using counting and mental strategies, and another using 
primarily ipental strategies. Subjects . in cluster FS8 are 
distinguished by their use of the wr>png operation on 
nearly half of the problems. The four subjects in 
cluster FS9 primarily used Counting strategies for the 
addition problems, concrete representation for 

subtraction problems^ the f ori^ a-b» , and concrete 

representation or counting and inappropriate strategies 

for problems based on a+ »c. Frequent use of counting 

strategies characterizes file eight subjects in cluster 
FS10. The two subjects in cluster FS11 often used 
guessing and responding ^with a number $iven in the. 
problem when problems involved larger numbers. One 
subject who frequently used incorrect modeling procedures 
(the All Cubes Used and Model Both Sets strategies) 
comprises cluster FS12. 
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When first-graders are clustered according to the 
frequency with which they applied appropriate strategies 
# to different types of problems, the six, clusters in Table 
31 are formed. Cluster FA1 consists of forty of the 

, fifty-four first-grade subjects. .This large cluster 

f ' a 

includes subjects who used appropriate strategies on all 

problems, some who used an occasional inappropriate 

strategy, an<3 some who used fewer appropriate strategies 

on missing addend problems than on the other proble£. 

The subjects in cluster FA2 were able to solve all 

addition problems, abstract 'problems based on a-b» but 

not the Separate problems, and some or none of the 

missing addend problems. Cluster FA3 contains subjects 

who solved all problems based on a-b« , some of the 

addition problems, and only a few of the missing addend 

problems. Use of .appropriate strategies only on about 

half of the problems distinguishes cluster FA4. The 

subjects in cluster FAS solved 'some abstract problems but 

seldom solved verbal problems. The final cluster, FA6, 

contains one subject who could solve verbal but not 

abstract problems. 

When the memberships of the two first-grade^ 

clusterings are ^compared the results match, in part, the 

same comparison at the kindergarten level. Subjects in 

the large cluster, FA1, who are homogeneous in terms of 
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using appropriate strategies for all or* nearly all 
problems, are haterogeneous* in terms of the strategies 
they used. These subjects fall into seven clusters on 
the, dimension of strategies used. However, among the 
subjects in the large clusters (FS1, f£6, and FS10) who 
are somewtfat homogeneous in terms of strategy use, there 
is no heterogeneity of problem types to which appropriate 
strategies were applied. All subjects from* clusters FS1, 
FS6, and FSlO'are members of cluster FA1 . This contrasts 

r 

with the clusterings at the kindergarten level in which a 
large group subjects who are homogeneous on strategy 
use are heterogeneous according to the problem types they 
could solve. / 

^fiUBHMCY 

• Verbal and abstract problems were of equal 
difficulty for subjects in bo#) grades. Although 
kindergartners used essentially the same strategies to 
solve verbal and abstract problems, . first-graders 
exhibited less frequent use of concrete representation 
strategies on abstract than verbal problems. In both 
grades the strategies used for subtraction problems 
closely reflected problem structure in both contexts. 

First-graders 1 strategies entailed a greater degree 
of abstraction than those of kindergartners, however, 
there were no differences in the flexibility with which 
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subjects in the two grades used strategies reflecting and 

not reflecting problem structure. Subjects in the two 

> 

grades committed essentially t the same types of errors, 
arthough the frequency of occurrence of most errors was 
lower at the first-grade level. At both grade levels 
there were a variety of individual differences^ in the 
types of strategies subjects used and the types of 
problems they ,cquld solve. 
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Chapter V 
DISCUSSION. 1 
The purpose of this study wa$ to describe and 
compare kindergarten and first-grade children's 
strategies for solving certain addition and subtraction 
problems. The questions of interest focused on 
differences between children's performance on problems 
presented in abstract and verbal problem contexts, 
differences between the performance of kindergartners and 
first-graders on such problems, and individual 
differences in the addition and subtraction problem 
solving performance of children at these twa grade 
levels. The verbal problems used in the study were Join 
and Combine addition problems and Separate and 
Join/Change Unknown subtraction problems. The 

corresponding abstract problems were of the forrofe a+b» , 

a-b« , and a* -C. Much of the analysis of the data 

from the stydy was descriptive and was intended to 

i 

provide a basis for better understanding the . solution 
processes children use on addition and subtraction * 
pjfctolems. 

i 

This chapter interprets specific results of the 
study and uses those results to .characterize children's 
performance in somewhat broader terms. The chapter 
presents instructional implicatiohs of the results as ) 
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well as implications for future research. The 
limitations of the study are also discussed; these serve 

m 

to qualify the interpretation of the results as well as 
to provide a basis for future research directions. 

Discussion of the results of the study is done in/ 
two parts. The results pertaining to kindergarten and 
first-grade children's ability to solve abstract and 
verbal problems' are discussed first. This is followed by 
interpretation of the results concerning children's . 
solution processes. 

£hil£i£n±£-bbili£x-£si Solve Abfi£iflgt_and, VSLhal-ExQhlsms 
^ The results clearly indicate that many kindergarten 
children as well as first-graders can solve verbal and 

abstract' problems based on a+b« , a-b= , and a+ «c. 

At both grade levels addition problems (both verbal and 
abstract) were the easiest for children to solve. Three 
of the four subtraction problem types were roughly 
comparable in difficulty, with the exception being that 
missing addend problems with the difference greater than 
the given addend were more difficult than the others. 

By clustering subjects according to the problem 
types they could solve, the present study extends the 
results of previous studies concerned with item, 
difficulty. Although in nearly all cases a majority of 
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the kindergartners applied appropriate strategies tQ each 
problem type, individual subjects varied as to the 
problems they could solve. Some kindergartners could 
solve only addition problems (both verbal and ^stract); 
some could solve addition problems and the subtraction 

problems based on a-b= ; some could solve addition 

problems, subtraction problems based on a-b« , and 

verbal missing addend problems; some could solve only 
verbal additions problems, the subtraction problems based 

on a-b» , and only verbal missing addend problems; some 

could solve all types; and a few could solve only the 
Separate problems or all* but the Separate problems. . The 
distinctions among first-graders according to the problem 
types solved are less numerous, possibly reflecting the 
influence of instruction on some of the problems. In 
addition to the first-graders who. could solve all th^ 
problem types, one group of subjects solved addition 
problems, abstract but not the 7 verbal problems based on a 

9 

4 t 

-b> , and only a few missing addend problems; and 

another group solved all problems based on a-b> /some 

addition problems, and few missing addend problems. 

The preceding results suggest that children within 
each of these grade levels are in no way homogeneous in 
tjerms of the types of problems they can solve. It is 
important for teachers and curriculum developers to 
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recognize that all of the problems used in this study are 
readily solvable by many children in grades K and 1. 
They must also be aware of the differences among 
individuals; the types of problems a kindergartner can 
solve may vary greatly, while . somewhat less variability 
may be present at the_ f ijst-grade level. Teachers should 
take advantage of opportunities to individually assess 
their students 1 ability to solve a variety of addition 
and subtraction problems. 

Previous studies have provided little data' pertinent 
to comparing children's performance orf verbal problems 
and corresponding abstract or symbolic problems. Verbal 
problems are often thought to be more difficult than 
abstract* problems. However, an important result of the 
present study is that kindergarten and first-grade 
children are able to solve \*erbal problems just as easily 
as abstract problems. Without direct instruction on 
either abstract or verbal problems, more than half of the 
kindergarters were able to apply appropriate strategies 
on nearly all problem types. Also, without instruction 
on verbal problems, between 60 and 95% of the first- 
graders applied appropriate strategies to these problems. 
Thus, at these grade levels, verbal addition and 
subtraction problems (in which the child is not required 
to read the problem) cannot be considered too difficult 
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to be included in the curriculum. 

The lack of differences in difficulty between verbal 
an<J abstract problems suggests- that verbal problems are a 
potential vehicle' for initial work relating to the 
operations of addition and subtraction. Much of the 
emphasis in most fy.rst-grade mathematics curricula is 

placed on teaching children to become fluent with 

i 

symbolically represented problems and recall of basic 
addition and subtraction facts. Result? from the present 
study indicate that first-graders who have had 
substantial instruction on abstract problems and little 
or no instruction on verbal problems performed equally 
well on problems in these two contexts. The obvious 
question that derives from .this finding congerns the 
influence of the ability to solve problems in one context 
on the ability to solve problems in the other. One could 
argue that instruction on symbolic problems facilitated 
first-graders 1 performance on verbal problems. This is 
undoubtedly true, to some extent. However, it appears 
that kindergartners can solve verbal problems at least as 
well 'as abstract problems. In fact, overall, 
kindergartners applied appropriate strategies more often 
to verbal problems than to abstract problems. This 
suggests that some young children may sqlve verbal • 
problems without necessarily solving abstract problems or, 

232 




learning juldition^and subtraction facts. .< 
^ A reasonable conclusion concerning -children 1 s 

' acquisition of the capability to solve verbal and 

' J ■ 

abstract problems is that three' situations may occur. 

Y w 

For some children experiences with processes »uch as 
joining, separating, comparing and equalizing may provide 
the basis for them to be able to soiye verbal problems 
(using*concrete representatioa strategies) prior to the 
time at which they can solve abstract problems containing 
no .cues such as "getting" and "giving away." The. ^ 
clusterings*4>y problem type soLved yield eight such 
subjects; seven kindergartners and one first-grader 

solved veYbal problems but had difficulty with Abstract 

> 

problems. 

< For other children abstract problems may b£ easier 
to solve initially because they * no cpntain the 
verbiage that verbal problems do. Four kindergartners 

* 

and six first-graders exhibited difficulty \n solving 

certain verbal problems but no such difficulty on 

corresponding abstract problems. Two' of these 

kindergartners were identified by their teacher as being 

* v • * 

in special language programs because of demonstrated 

language deficiencies. 

Fod a third group of children the capabilities tp 

solve abstract and verbal problems may develop 

a ( ■ . 

* ♦ 
• • • 
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CQncurrently (either interr»latedly or independently). A 
large number of subjects at both grade levels exhibited 
equal facility with verbal and abstract problems. While 
longitudinal data would be necessary to determine whether 
these children developed the capabilities to solve verbal 
and abstract problems simultaneously, it is plausible 
that some of these .children developed these capabilities 
concurrently. In particular, children whb understand 
that an abstract problem can be associated with each 
verbal problem may develop the ability to solve abstract 
and verbal problems of a particular type at 'the same 
time. 

Tne^ preceding conclusions suggest that teachers may 
need to introduce the addition and subtraction operations 
to some children via verbal problems, 'problems they can 
a^eady solve. Other students may have difficulty 
understanding the prose in verbal problems and may profit 
more from working with problems similar to the abstract 
problems used with the kindergarten subjects. A wise 
course of action would be for teachers to use verbal 
problems whenever possible to* supplement or supplant the 
more Ignited emphasis on, joining and separating of sets 
of 'objects currently used to provide initial experiences 
jlfith Addition and subtraction. Such an emphasis on 
verbal problems would provide both the opportunity for 
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some students to build their under standing of addition 
and subtraction on familiar problems and processes, as 
well as providing an opportunity to learn processes for 

solving Verbal problems. 

« v 

The concrete representation and counting strategies 
kindergartners and first-graders used for^b^tlS^verbal and 
abstract problems are those that directly model the 
action or relationship in the problem. Young children 
clearly have independent conceptions of the various types 
of subtraction problems. 

Even though children in both grades exhibited the 

l 

same set of strategies for verbal and abstract problems, 
one difference repeatedly emerges concerning the 
frequencies with which strategies were used. On problems 
that were most familiar to the first-grade subjects 

(those based on a+b« ,and a-b« ), they used the more 

abstract counting and mental strategies more frequently 
on problems presented in the abstract context than the 
verbal context and concrete representation more 
frequently on verbal than abstract problems, when t 

problems were less familiar to first-graders (a+ «p) , 

they used concrete representation more frequently on Wie 
verbal than the abstract problems and sometimes used* 
guessing more frequently on abstract than verbal 
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problems. 

The preceding results can be viewed from two 
perspectives. Since abstract problems in some instances 
elicit juore sophisticated, counting and mental strategies, 
it can be argued that the structure 6f verbal problems is 
so compelling that children use concrete representation 
even though they .„ are capable of utilizing more abstract 
strategies. However, whe^fehildren are just beginning to 
learn to solve certain problem types, the structure of 
verbal problems may be sufficiently salient to enable 
children to solve problems which they otherwise might not 
-have^solved. This suggest^ that verbal and abrstract 
problema may serve different but complementary purposes 
in instruction on addition and subtraction. # Verbal 
problems mf^t be u best* to introduce various problem 
types to children. For example, subtraction problems can 
entail several different problem structures (additive, 
comparative, or subtractive) . Verbal problems appear to 
be the most apprdjai: £at£ onfes for effectively introducing 
these Xo children. Abstract problems may be most 
effectively use cL when the goal $f instruction? is to 
encourage ghild/en to develop or use more abstract or 
efficient strategies. On abstract problems children may 
be mor* likely to exhibit the most efficient or abstract 
strategy which they\are capable of using. 
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Thus, the finding that young children can solve 
verbal and abstract problems equally well may suggest 
that> initial instruction on addition and subtraction 
could be based on problems of one type as well as the 
other, the strategies children use in these two contexts 
suggest that verbal problems should be included in 
initial instruction. * 

Results of the study suggest that many kindergarten 
and first-grade children 'are quite capable problem 
solvers. Host fcindergartners made reasonable attempts to 
solve at least some of the problems, indicating that 
children at this level are capable of solving both verbal 
and abstract problems (when problems are read to them) . 
Even though, no instruction on missing addend problems had 
occurred; such problems were appropriately solved by 
nearly half or Snore of the subjects in each grade. 
Further evidence for the problem solving capabilities of 
these young child&n is provided by the fact that more 
than one-fifth of .the kindergartners and one-fourth of 
the f irst*-graders used the strategy involving the 
derivation of a needed number fact from another known 
fact (Derived Fact) at least once. In a limited sense, 
these children demonstrated the ability to apply Polya's 
(1957) heuristic of solving a simpler or related problem. 
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The existence of the preceding problem solving 
capabilities, suggests that initial instruction on 
addition and subtraction might be more effective if it 
were tailored to assess and extend 'the capabilities that 
individuals bring to the instructional process. It would 
be wise for teachers to determine the strategies children 
are capable of using and then to encourage the 
development of individuals 1 problem solving capabilities 
by using the Derived Fact strategy as a starting point 
for introducing certain problem solving heuristics to 
young children. 

Not surprisingly, kindergartners 1 strategiesywere 
less abstract than those of first-traders and reflected 
an even closer relationship to the structure of the 
problem. However, many kindergartners did. not rely 
solejly on concrete representation strategies; they used 
abstract strategies but simply used them infrequently, 
Kindergarten children seldom used strategies 
interchangeably, e.g., used both additive and subtract ive 
strategies on subtraction problems of a given type. Even 
the first-graders exhibited less use of concrete 
representation or counting strategies not reflecting 
problem structure than did the subjects in, Carpenter and 
Moser (1981). 

The increased level of abstraction of first-graders' 

# 
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strategies was also accompanied by a decrease in the 
frequency of certain errors. Although first-graders used 
the wrong operation and committed about the same' number 
of procedural errors as kindergartners, they less 
frequently exhibited errors involving identification of 
the answer set, incorrect modeling, and superficial 
solutions such as guessing. 

The preceding discussion suggests that 
kindergartners and first-grade children exemplify 
different levels in the acquisition of addition and 
subtraction concepts and skills. At an early level 
children are more likely to incorrectly model, 
superficially interpret, or fail to attempt problems; and 
their correct interpretations are often quite literal, 
closely mirroring the structure* of the problem, ^ater, 
children begin to abstract the essential elements of the 
problem without a visible step-by-step re-creation of the 
problem. At this level children no longer exhibit 
incorrect, modeling of the problem data, but they may be 
unable to correctly interpret some problems (use the 
wrong operation) and still may commit frequent procedural 
errors such as miscounting or forgetting the data in the 
problem. At an even later level, beyond that of the 
first-graders in this study, children may exhibit more 
flexibility in their strategies; they maty recognize the 

> 
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equivalence of various strategies, choose among them, and 
use them interchangeably for various problems. 
Children's errors at this level become primarily 
procedural, seldom involving use of the wrpng operation 
or incorrect representation or identification of the 
answer. 

In order for children to progress optimally through 
these levels it is necessary for teachers, at the 
minimum, to be aware of where students tall on this 
continuum. This involves assessing students 9 
capabilities and using their errors to diagnose 
misconceptions. The clusterings of subjects in both 
grades indicate a great deal of variability among 
subjects in these grades; this is further evidence that 
instruction is not simply a matter of teaching children 
the "one way" to do addition and subtraction problems. 
More attention should be given to determining the 1 
processes children use ajid building further instruction 
upon what is known about the individual's capabilities. 

The selection of subjects from intact classes from 
two available schools limits the extent to which the 
findings of the study generalize to other samples of 
kindergarten and first-grader children. Although the 
subjects in the study were not atypical youngsters, one 
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cannot assume that the performance of children with 
' different home experiences and different socioeconomic 
backgrounds would' necessarily be the same. 

y 

No data were collected on any subject variables 
other than age. This served to limit interpretation of 
'the results of the study, particularly the clusterings of 
subjects. It was not possible te relate the solution 
strategies typically used by clusters of subjects or the 
types of problems they could solve to other variables 
such as memory or cognitive processing capacity, 
socioeconomic status, developmental level, or a 
achievement, ^ 

No attempt was made to control the instructional 
backgrounds of the subjects, so it is possible that ' 
children With other instructional experiences could 
exhibit different performance. This especially might be. 
true if children received more instruction on verbal 
problems than did the first-graders in the present study. 
No direct observation of classes was" done to corroborate 
the teachers 1 accounts of prior instructional 
experiences. Hence, the possibility exists that certain 
topics related to verbal and/or abstract addition or r 
subtraction problems were introduced or stressed by being 
presented to individuals without later recollection by 
the teacher. 
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The tasks used in the study^ limited the results in 
several ways. First, the only problem types used were 
those verbal and abstract problems that previous research 
had shown to be the least diff icult for children in these 
grades. The finding of no differences in children's 
ability to solve corresponding verbal^ and abstract 
problems in this study does not preclude the existence of 
differences in children's ability to solve verbal and 
abstract addition and subtraction problems of other 
types. Likewise, a comparison of the strategies children 
use on other verbal and abstract problem types may yield 
differences other than those foimd in the present study. 

Secondly, the use of different modes of presentation 
(oral and written) for abstract problems limits the 
comparison of performance on these problem^ across the 
two grades. Also, the abstract problems presented orally 

r 

to the kindergarten subjects may not have been perceived 
as being substantially different from the verbal problems 
read to these subjects, Reading the abstract problem to 
the subject may, have transformed it to a type of pseudo- 
verbal problem. This may have served to suppress any , 
differences between performance on abstract and verbal 
problems at the kindergarten level. 

A third limitation resulting from the tasks used in 

9 

the study derived from the wording of the verbal 



242 , 
i 
i 



[229] 



problems. Inclusion of cue words such £6 "altogether," 
"left," and "put with" may have influenced the strategies 
subjects used on the verbal problems. Different f 
wordings may be less suggestive' of some of the concrete 
representation strategics that were used. 

The procedures used in the interviews generated 
several limitations. Foremost among these were the 
subjective decisions made by the interviewers when coding 
subjects 1 responses. The interviewers occasionally 
encountered Subjects who purported to recall number facts 
but generated incorrect facts. These responses were 
distinguished from guessing; however, such distinctions 
can easily be questioned. Likewise, kindergartners 1 use 
of number facts on problems with sums less than six was 
distinguished from counting on or counting back on the 
basis of the subject's verbalizations. Again, since 
counting which involves so few counts may be difficult to 
distinguish from recall of f a^taf^the accuracy of the 
coding of some of the kindergartners 1 responses on 
problems with sums less than six can be questioned. 

The decision to make roanipulatives available for all 
kindergarten subjects precluded any between-grade * 
comparison of strategies used when no roanipulatives are 
available. Other studies (e.g., Moser, Note 5) have 
shown that the availability of roanipulatives influences 
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the strategies children use to solve addition and 
subtraction problems* \t is likely that kindergarvfcners 
who had no manipulatives available would exhibit somewhat 
different strategies on^frhe problems used in this study. 
The strategies used by the kindergartners in the present 
study are not necessarily those that would have been used 
by the subjects if manipulatives had not been available. 

Use of standard sets of tasks for the interviews 
limited the extent to which they were able to assess 
children's capabilities to solve various types of 
problems. , For example, if a subject guessed *or appeared 
not to know bow to solve a certain problem, this one* 
attempt was accepted* as an assessment of the child's 
performance on such a problem. The interviewer was not 
free to pursue several examples of one problem type or to 
reword or revise problems during the interview. This 
made it impossible to gather the variety of data which 
can be garnered from a tfUe clinical interview. 

JgplicatigD£-i£x Future Reseaigh 

As is often the case, th$ present study raises as 
many questions as it has answered. The limitations of 
the study suggest a number of extensions, and the results 
of the study lead to additional researchable questions. 
These potential research areas fall into the three 
categories Which follow. 
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Ex££flgiSM-fli-ihfi Problem, Dflmaip 

The study revealed no differences- (as measured by 
correctness or use of an appropriate strategy) in 
children's ability to solve verbal and abstract problems 

of the form a+b» , a-b« , and a+ «c; future research 

should investigate differences on corresponding abstract 

and verbal problems based on a- «c, +b=c, and -b*c. 

Verbal problems might be worded both to minimize the 
influence of cue words or to make maximum use of such 
wordings to heighten the differences between verbal 
problems and their abstract counterparts* 

By administering problems from the present study and 
the extended domain discussed previously with children in 
kindergarten through grade three, onfe could get a more 
complete picture of children's performance on verbal and 
abstract problems* Data on problems drawn from a variety 
of number size levels administered to subjects in second 
and third grade would provide information from children 
who have received substantial instruction on the addition 
and subtraction algorithms and would highlight the 
effects of such instruction on both verbal and abstract 
problems* One might also use a variety of problem types 
to determine, by means of clinical interviews, whether 
older children's counting strategics are based on problem 
structure- or the efficiency of alternative counting 
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procedures as suggested by Woods et al . (1975). A 
further interesting* extension would be to include two-- 
step addition and subtraction problems since these 
typically are the most difficult for children in later 
grades. 

bsazzsasnt-QL Into iflyal. Uittez&ns&a 

The results of the cluster analyses demonstrate the 
viability of differentiating among individual^ according 
to their solution strategies. Particularly at the first- 
grade level, identifying children by the strategies they 
use may yield more information than classifying children 
according to the ty^esV>f problems they can solve. 

The present study also demonstrates the viability of 
using verbal and abstract problems within the partially 
standardized clinical interview procedure for children at 
the kindergarten level. A reasonable next step would be 
to use more intensive clinical interviews with 
kindergarten and first-grade children to explore in depth 
the difficulties children encounter on certain problems, 
to assess the effectiveness of brief but intensive 
individual instruction for diminishing those 
difficulties, to further examine young children's use of 
problem solving heuristics, to attempt to determine how 
children choose among /alternatives within their 
repertoire of strategies, and to investigate the extent 
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to which children mentally manipulate or transform £ft 
certain problems presented in the abstract number 
sentence context prior to solving themi 

An in-depth assessment of children who ha^e * 
exceptional difficulty with certain addition and 




subtraction proHPems or whose language difficulties 
contribute to their inability to solve verbal problems 
might yield further .suggestions for instruction for such 

V 

^hildren. In a more* genuine clinical interview it might? 

♦ be possible for the interviewer to gain insight into the 
^reasons why- children vho are ^pable of using concrete 
representation, counting and mental strategies use one 
strategy for a certain problem, and a different one for a 
similar problem. In the past researchers have seldotn 
been successful in identifying children 1 s ^motives f&r 
such choices; perhaps by allowing the^toterviewer to 
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demonstrate the equivalence of different modeling or 
counting procedures 6r treate conflict ajao^g different 
solution procedures, the clinical i^feryiew might shed * 
light on sc>me of the less visible or verbal^rable aspects 
of children 1 * solution processes. ^ 

Interview data can also provide information about 
how child interpretNmd manipulate problems in number 
sentence form. Young children o£ten solve. verbal 

«roblems without translating problems to number 
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sentences. It is possible that children occasionally 
think of their modeling of' abstract problems in terms of 
some form of a verbal problem. Such a relationship 
between abstract and verbal problems can have, important 
implications for th> sequencing of instruction entailing 



problems in verbal and abstract contexts. A more in- 
depth interview might also provide insights in^b 
potential subject variables, for example, information 
processing capacity, thaji might account for differing 
levels of children's acquisition of addition and 
subtraction concepts and skills and the range of 
individual differences encountered among the subjects, in 
the present study. - 
Instruction on Additi^_ai)dJsub tractiO fl 

The ultimate goal of status studies such as this one 

* * • 

is to provide information which can yield direction for 



adapting' instruction* to the capabilities and needs of the 
learners.* While the present study can in no way 
prescribe optimal initial instruction^on addition and 
subtraction, it can suggest some directions for research 
r^la^ing to instruction. Foremost among these is 
research Aimed at comparing various emphases and/or 



sequences of introduction of verbal and abstract problems 
ii) intial instruction relating to N addition and 
subtraction. The clusterings of subjects, especially at 
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the kindergarten level, indicated that' children are 
differentially capable of solving various types of 

i 

addition and subtraction problems. Research is needed to 
determine whether these children also may N profit 
differentially. from instruction which is sequenced in a 
gijpen way. 

Another mors general area which may ber fruitful for* 
research is the assessment of young children's use of 
problem solving heuristics. The present study indicates 
that some young children are capable of using certain 
problem solving heuristics and that they somehow are able 
to choose strategies from among a variety of 
alternatives. * In order for the mathematics curriculum to 
incorporate instruction on such aspects of problem 
solving, much more research needs to be done to identify' 
those mathematical problem solving processes that^develop 
early as well as when and how instruction can enhance 
that development. 

Three principal conclusions can be drawn from this 
study. First, at the kindergarten and first-grade levels 
it is not the case that verbal or word problems are more 
difficult. than corresponding abstract or symbolic 

problems. Children in both grades performed equally wellf 

* 

oiy problems in the two contexts, indicating that verbal 
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problems are an appropriate adjunct .to abstract problems 
for initial instruction on addition arid subtraction, 

A second conclusion is that many young children use 
a variety of strategies to, solve addition and subtraction 

problems even though strategies are often closely tied to 

» 

problem structure. They also use somewhat ' different 

strategies on verbal and abstract problems. These 

differences, namely, more frequent use of concrete 

representation strategies on verbal problems and more 

guessing, counting, and mental strategies on abstract 

x problems, suggest that verbal problems may be the most . 

appropriate ones for initial instruction. 

A third conclusion is that although children in 
* * • * 

grades K and 1 appear to begin to progress toward more 

abstract strategies, there is substantial variabilty 

among children both in terms -of the strategies they 

typically use and the types of problems they are capable 

of solving. In addition to the variability among 

£j03ects in each grade level, the variety of strategies 

uped by individuals suggests that, in sane cases, 

comparable variability exists within individuals. Thus, 

it is important for instruction to be designed to take 

into account such individual differences. 

Brownell (1941) argued that experiences with the 

number combinations must be "well-chosen and wisely 
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directed" (p. 44). By documenting young children's 

x solution processes for verbal, and abstract addition and 

subtraction problems the present study has contributed 
f 

data from which choices concerning appropriate initial 

rns^ructional experiences relating to addition and[ 

subtraction can be better determined. 
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Verbal Problem Stems 



Judy had ^_ stamps. Her mother^gave her more 

stamps. How jnany stamps did Judy have altogether? ** 

Wally had pennies. His father gave him more 

pennies. How many pennies did Wally .have altogether? * 

c 

Combine 

Fred saw tigers. He also saw elephants. How 

many animals did Fred see altogether? ** 

Sara has sugar donuts. She also has plain 

donuts. How many donuts does Sara have altogether? * 

Separate 

Joan had apples. She gave to Leroy. How many 

apples did Joan have left? ** v 

* * 

Mike had kites. He gave kites to Kathy. How 

many kites „*did Mike have left? ** 

'Tim had stars. He gave stars to Martha. How 

many stars did Tim have left? * 

Ann had balloons. She gave balloons to 

Willie. How many balloons did Ann hav^left? ** 

J Pin/Cbange^ Unknown 

Joe has books. How many more books does he have 

to put with them so he has books altogether? ** 

Susan has cookies. How many more cookies does 

she have to put with them so she has cookies 

altogether? ** 

Kathy has pencils. How many more pencils does 

she have to put with them so she has pencils 

altogether? * 
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Jo^n has cats. How many more cats does he have 

to put with "them so he has _ cats altogether? * 

% 

* - Used for grade K, small number problems 
and grade 1, larger number problems 

** - Used for grade K, larger- number problems 
and. grade 1, small number problems 
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'Number Triple Orders 

Kindergarten (small, nuabejel 

Problesro * 

a+b» a-b» a+ *»c a+b» a-b« a+ »c 

Order 

1 1,4,5 2,3,5 1,3,4 2,3,5 1,3,4 1,4,5 

2 2,3,5 1,3,4 1,4,5 1,3,4 . 1,4,5 2,3,5 

3 1,3,4 1,4,5 2,3,5 1,4,5 2,3,5 1,3,4 

4 1,3,4 2,3,5 1,4,5 2,3,5 1,4,5 1,3,4 

5 2,3,5 1,4,5 1,3,4 1,4,5 1,3,4 2,3,5 

6 1,4,5 1,3,4^ 2,3,5 1/3,4 2,3,5 1,4,5 

* TheSe orders were assigned to problem types rather 
than to a sequence of problems; this was done to 
prevent the same triple from appearing twice for 
^a given problem type. 4 

Einflergarten (larger numbers) 
and First-grade (snail numbers) 

Order of Problem in Sequence of Tasks 



Order 














1 


3,6,9 


2,5,7 


2,7,9 


2,4,6 


3,5,8 


2,6,8 


2 


2,6,8 


3,5,8 


2,4,6 


3,6,9 


2,7,9 


2,5,7 


3 


2,5,7 


2,6,8 


3,6,9 


3,5,8 


2,4,6 


2,7,9 


4 


3,5,8 


2,4,6 


»,6,8 


2,7,9 


2,5,7 


1 

3,6,9 


5 


2,4,6 


2,7,9 


2,5,7 


2,6,8 


3,6,9 


3,5,8 


6 


2,7,9 


3,6,9 


3,5,8 


2,5,7 


2,6,8 


2,4,6 
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FicBt-gcade. Ilargec uuab&x&l 
V Order of Problem in Seque 



Order of Problem in Sequence of Tasks 

1 2 3 4 5 6 

Order 

1 6,9,15 4,9,13 3,8,11 4,7,11 4,8,12 5,9,14 

*2 5,9,14 4,8,12 4,7,11 6,9,15 3,8,11^4,9,13 

3 4,9,13 5,9,14 6,9,15. 4,8,12 4,7,11 3,8,11 

4 4,8,12 4,7,11 5,9,14 3,8,11 4,9,13.6,9,15 

5 4,7,11 3,8,11 4,9,13 5,9,14 6,9,15 4,8,12 

6 3,8,11 6,9,15 4,8,12 4,9,13 5,9,14 4,7,11 
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Task Orders 
Interview Tas-k 



Order 
• 


_1_ 


_2_ 


_3_ 




_5.i 




i 


A2* 


S3 


S2 


S4 


Al 


SI 


2 


S2 


.Al 


S3 


SI 


S4 


A2 


3 


Al 


SI 


S4 


A2 


S2 


S3 


4 


SI 


A2 


S4 


Al 


S3 


S2 


-5 


A2 


S4 


SI 


S3 


S2 


Al 


6 


Al 


S2 


S3 


SI 


A2 


S4 



t 



* Tasks: 

Al - Verbal: Join 

Abstract : a+b» 

A2 - Verbal: Combine 
Abs t r act : a+b» 

51 - Verbal: Separate (small difference) 

Abstract: a-b»_^ (small difference) 

52 - Verbal t Separate (large difference) 

Abstract: a-b» (large difference) 

53 - Verbal: Join/Change Unknown (small difference) 

Abstract: a+ »c (small difference) 

54 - Verbal: Join/Change Unknown (large difference) 

Abstract: a+ »c (large difference) 



t 
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Sample Interviewed 

liQhlsms Administered is-^d^^teo^ubifigt-ili^ 

First Interview — jAbstract Problems 
Problems with small numbers (sums less tha£ 6) , 

1. "Five. take away three is how many?" 

2. "One ancTthree are how many?" 
3/ "One, and how many are five?" 

4. "Two and three are how many?" 

5. "Three and ^how many are four?" 

6. "Five take away one is how many?" 
Problems with larger numbers .(sums 6 through 9) 



m 



1. "Three and six are how many? 

2. 'Five and how many are seven?" 
\ 3. "Nine take away two is how mary?' 

4. "Two and how many are six?" 

5. "Three and five are how many?" 

6. "Eight take away six is how many? 1 

Second Interview — Verbal Problems 

Problems with^small numbers (sums less than 6) 

1. "Sara has one sugar donut. She also h*s four 
.plain donut s. How many donuts does Sara have ^ 

altogether?" . flr 

2. "John has two cats. How many mo*e cats does he 
have to put with them so he has five cats altogether?" 

3. "Tim had four stars. He gave, three stars to 
Martha. How many stars did Tim have left?" 

4. "Kathy has four pencils. m How many more/pencils 
does she have to put with them so she^hats fiive pencils 
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iltogeither?" 

5.-^ "Ann had five balloons. She gave two balloons 



^^illie: How mani^tlloons did Ann have left?" 



6. , "Wally hafl one. penny. His father gave h$m three 
more pennies.- How many pennies did Wally have . 
altogether?" ^ • - • ^ • 

Problems with larger numbers (sums 6 through 9*) 

• l./ fc "Judy had two stamps. Her mother gave her five 
more stamps. -How many stamps did Judy have altogether?" 

2. "Mike had eight\j**tes.> H6 gave twp kites to. x 
Kathry. How many kites did *fijcy have left?" 

« *\ 

_f 3*. "Joe has six books.; 'How many mgre books does he 
have to pufc* a yith them so he hafe nine books altogether?" 

v * \ • . * • * 

4. "Joan had eight apples. She gave five apples to 
Leroy. H6.w many apples ffid Joan have le^>?? 

5. "Fred saw two tigers. He also saw four & 
elephant^/ 'How man^ajnimeds did Fred see altogether?" 

6. "Susan has two cookies. How many more cookies 
does she have -to put with them so she has rti'ne cookies 
altogether?" - 

Problems Adaini^£j^^^£ix^rfl^^-^iibi£g^-i2 

Firat Intgrvifew ~ Verbal Problems 



Problems, with small numbers (sums 6 through 9) 

1. f "Mike had eight kites. He $ave two kites, to 
Kathy.* H9W many kites did, Mil^e ' have left?" 



• , '2. *Judy had* three stamps. Her mofljyer gave her 
five mpre stamps. How mainy stamps, did «Iydy have 
altpgether?" ^ • , 



% , 3- "J^haa«four books. How many more bbpks does 
he ; have| to 'put wfth them so^he hds six book s^arltog et her? * 

; . * / -v . f> j 

4. '"Joaft*had ninte apples. .She, gave six "apples ^to 
Leroy. ^How many applfes did Joaij have left?" 

5. "Susan his two cookies. Hc^v|pywy more cookies 
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<£ ' * ^ / ' 

does she have to put with them so she has nine cookies 
altogether?" „ 1 

6. "Fred saw two tigers. He also saw five 
elephants. How many animals did Fred see altogether?"* 

Problems with larger numbers (bums 11 through 15) 

• * 
1* "Sara Mks four sugar donuts. She alsa has eight 
plain donuts. How many donuts does Sara have J* 
altogether?" 

0 \ 

2. "John has four cats. How many more cats does he 
have to put with thenw'so he has eleven cats altogether?" 



^Be gavfe»*Ain< 
Martha. How many stars did Tim hWe left?" 



3r "Tim had fourteen stars. ^He" gavte^jaine stars to 



4. "Kathy has eight pencils. How many more pencils 
does she have to put with them so she. hajs eleven pencils 
altogether?" - 

- 5. " # Ann had thirteen balloons. She gave foar 
v bal loons to Willie. How many Balloons did Ann have 
left?" 

< 

6. "Wally had six pennies. Hi? father gave, him 
nine more pennies. How many pennies did Wally have 
altogether?" " . ^ . 

• Second Interview — Abstract Problems 

Problems with small numbera (sums 6 through 9) 



1. 


'2 + 


4 - _ 






Sr 


2. 


9 - 


7 - _1 




> * 




3. 


2 + 


_ - 7 


F 






4. 


2 + 


6 - _ 


> 


9 


4 


5. 


9 - 


< 

3 

. * 








6. 


5- + 


— - 8 


■ % 


t 





Problems with larger numbers (sums 11 through 15) 
1, 11 - 8 - _ , - 
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Interview Protocols 

Warm Up Tasks 



Here are some Objects. I'm going to sort the 
objects into two piles. (THREE YELLOW TRIANGLES ARE PUT 
INTO ONE PILE AND THREE BLUE RECTANGLES INTO ANOTHER.) 

This piece (A YELLOW RECTANGLE) is yours. You 
decide which pile you'd like to put it into. (CHILD 
PLACES OBJECT INTO PILE.) 

Very gbSd.;* How did you decide to put it over" there? 
(CHILD DISCUSSES WHY ONE PILE WAS CHOSEN.) 

(A SET OF *SEVEN 'CUBES IS PLACED ON THE TABLE. ) Here 
is a pile of blocks. How many blocks are in this pile? 
(CHILD ANSWERS. ) 

(A SET OF FOUR FINGERS IS HELD UP.) How many fingers 
am I holding up? (CHILD ANSWERS.) (IF AN INCORRECT 
ANSWER. OR ANSWERS ARE GIVEN, A SIMPLER PROBLEM SUCH AS 
ENUMERATING A SET OF 2 FINGERS. SHOULD BE G^VEN AND THEN A 
FURTHER ATTEMPT MADE TO^GET THE CHILD TO RESPOND 
CORRECTLY TO THE PROBLBM ANSWERED INCORRECTLY. ) 

W 

(TWENTY CUfES ARE PLACED ON THE TABLE.) Make a pile 
of six blocks for yourself. (CHILD FORMS- A SET OF 
CUBES.) 

• Can you hold up four fingers? (CHILD HOLDS' UP^ 
FINGERS J (IF AN INCORftECT ANSWER OR ANSWERS ARE GIVEN, A 
SIMPLE* PROBLEM SHOULD AGAIN BE GIVEN AND THEN A FURTHER 
ATTEMPT MADE TO GET THE CHILD TO RESPOND CORRECTLY TO THE 
PROBLEM ANSWERED INCORRECTLY. ) 

Addition and Subtraction lashe 

I'm going to read you . some number stories '(number 
puzzles). Each story has a question. Sometimes; I may 
ask you how you figured out your answer. Since I can't 
remember everything yqn. say/ 1*11 be writing some thingstf 
on tlvis paper. Here are some, cubes that you can use to 
help you answer the questions. ' (PUT CUBES QN TABLE.) You 
may use the cubes. or your fingers or anything else that' 
you think will help you answer the questions. Here's the 
first Story. (READ THE PROBLEM. IF THE CHILD ASKS TOR 
IT TO BE REPEATED, REREAD THE PROBLEM AS OFtEN AS 
REQUESTED. IF THE CHI^D_LO0|S PUZZLER SUGGEST 
* * * • 

• • 279 ; 



y 1266] 



REREADING. ) 



(For first-grade abstract problems use this 
modification.) 

. (PUT THE CARD WITH THE PROBLEM IN FRONT OF THE 
CHILD.) Can you read this for me? (Other versions — How 
do you read this one? or what does this say?) (IF THE 
CHILD DOES NOT READ THE PROBLEM CORRECTLY CODE THIS, 
NOTING THE MISTAKE. CORRECTLY READ THE PROBLEM FOR THE 
CHILD.) 

(ONCE THE 4 PROBLEM HAS BEEN READ CORRECTLY ASK THE 
CHILD TO SOLVE IT.) What number should be in the box? 
(Other versiona — What number should this (POINT TO BOX) 
be? or Can you tell me what number goes, here?) 

(CODE THE CHILD'S RESPONSES'. DO NOT PROVIDE 
ASSISTANCE. IF THE CHILD ASKS FOR HELP, RESPOND WITH A 
NEUTRAL STATEMENT SUCH AS: See if you can figure this one 
out.) (QUESTION THE CHILD AS NECESSARY TO CLARIF* - 
AMBIGUOUS STATEMENTS OR ACTIONS.) \j . 

(IF CUBES WERE USED PUT THEM BACK INTO THE PILE.) 
Here's the next story. (REPEAT THIS PROCEDURE FOR THE 

other five small number problems.) 

, (pause Before reading the problems with larger^ 

NUMBERS.) Here are some stories. Remember, if you wish, 
you can use the cubes or your fingers or£ anything else to' 
help you answer the questions. VJ 

(REPEAT THE PROCEDURE USED FOR THE SIX* SMALL NUMBER 
PROBLEMS WHEN PRESENTING THE LARGER NUMBER PROBLEMS.) 

Debriefing Task * ,. 

(PUT THE SET OF GEOMETRIC PIECES ON THE TABLE .V Here < 1 
are some pieces. Put them into two piles any way you'd 
like. '(DISCUSS THE CHILD/ S SOLUTION.) 
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Coding Sheet 



Ml 










O 
< 


* 


























• 


NAMF 






<r 












Ui 

00 


* 










2 










Z 
O 


ACH 






SEX 




AtlMINt .TM MtDN 1 ? i 4 5 |6 










M 






■Si 






F 




(il Ni MAI lA'.KIDDl «4« t>«- t> C * C 



MODEL 



t{N4 ODAItt t 



f OMMfcf f ' 
V N 



MODEL 



F 



i;W OOAUt I 



CORRl ( T 
V N 



J*OOEL 













C 


ONCOOABt 1 


« 










F* 




< 
























N > 


{ oRai t T » 
V N 












MODEL 














C 


ONtUDAHl ( 








* 




F 




I TASK 


f 






} 


N > 


CO :Rfrf T • 
Y N 



MODEL 









5 " 






UW frfUUI I 










F 


































< 


























{ OH UK T ' 










13* 




Y N 



MODEL 



UffCOOAHt I 



r (HiHi f I 
V N , 
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STRATFGY 



fcXPLAIN 



ERROR 



cs 1 ;» - 

v . n 5 5 i 

ti A ft 5 2 ° 

O J F -OP t)T 
CA mJ T UG 


z U 

5 < 2 
S . 3 


= i 5 3^ 

S 5 S S 5 

I 3 ? & 8 

M G F O S 


STRATEGY EXPLAIN ERROR 


cs • £ t " " 

V I I s °* I 

r CI • A ft 5 ° O 

o 7 f or dt 

CA , N T UG 


u 

/ > 
I • 0 


z 

>- Q *** 

3 * " Z 2 

Z p <jj < *u 

• S ^ g « 5 

3j > * j z 

S, O » O Xn 
M G F O S 


STRATEGY 


EXPLAIN ERROR 


8 ? 5 | s 

f.c a i | S S 
o If of dt 

CA N r UG 


u 
»- 

Z u VI 

D ;* w 
uj * 3 

I « t o 


5 • £ ; « 

n ^ Mi 4 ui 

S : o t f 
* > 5 z 
2 o u. 0 *» ^* 

M G F O S 


STRATEGY EXPLAIN ERROR 


A rs y 5 * 

( «. a III § 

O J F . OFDT 
CA ; N T UG 


u 

t/i *~ 

« j «i 

3 J - 

yj * D 

Z. s 0 


2 

K © HI 

u »*< r * ^ 

* ^» S * 

= - O 4 m 
S 0 * O <A 

M G F O " S 


STRATEGY 


EXPLAIN ERROR 


v i I n i 

| ei. 2 J J s J 

O j F * -Df DT 
CA , N T ^ UG 


u 
»- 

5 4 "» 

' r t u 


2 

O — 

5 • 5 z 

o * S 2 2! 

1/5 > S z 
5 5 2 o 55 

M G f O S 


STRATEGY EXPLAIN - ERROR 


cs S - 

|«. M is § 

CA P T IX» 


u 

i ^ S 

D ? «** 
X t (J 


2 

3 * £ S Z 

0 * 5 2 E 

w s * » 
* > « - j 

1 3 » o m 

M G F O S m 


• 
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Comparison of Data From Two Schools 
Percentage of Correct Answers 

Problem Type School Correct Incorrect No Attempt 
(aggregated across 

both number sizes 

and both contexts) 



a+b-__ 


A 


73 


25 


2 




B 


> 64 


34 


2 


a+b» 


A 


75 


23 


1 




B 


64 


34 


2 


a-b-__ 


A 


57 


41 


2 


(small difference) 


B 


57 


38 


5 


a-b-__ 


A 


63 


37 


0 


* (large' difference) 


B 




35 


.'5 


a+ «c 


A 


57 


41 


2 


(small difference) 


B 


53 


43 


' 3 


a+ «c ' 


A 


. 46 ^ 


51 


■ 3 


(large difference) 


B • 


46 


49 


5 




V 
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Percentage of Use of Most Frequently Used 
Strategies by Subjects from Two Schools 



Problem Type School 
(aggregated across 

both number sizes CA 

and both contexts) 


s 


Strategy 
CS. CL 


* 

#F 


GU 


G# 


a+b-_ A 

|B- 


34 

31 


4 

X 


11 
15 


14 

10 


22 
19 


7 
13 


3 


a+b-_ A 

B 

t 


36 
29 


3 
11 


12 
6 


15 
8 


19 
22 


7 
13 






F 


us 


DT 


DR 


iP 


Of] 


Vaf 


a-b» A 

(small difference) B 


50 
■ 42 


•7 
5 


0 
4 


1 
4 

• 


13 
17 


. ♦ 

il- 
ls 


3 
6 


a-b-.^ . A 
(large difference) B 


42 

36 


13. 

1U 


0 
1 


0 
0 


20 ' 
2 l 


11 

1 J 


2 
5 












» 








F t . 


AO 


AG 

t 


• UG 


#F 


GU 


G# 


a+ -c A 

(small difference) B 


2 
2 


27 
21 


3 
2 


18 
15 


16 
25 


13 
16 


3 

' 5 


a+__-c -\ A 
(large -difference) B 


3 

♦ 3 


30 
28 


3 

. 5 


12 " 

9 ; 

•> 


10 
16 


11 
15 


3 
9 



OP NO ' 

Attempt 

1 2 
1 2 

1 1 
1 2 



OP No 

Attempt 

6 2 
1 5 

5 0 
1 5 



OP • No 

Attempt 

I 

' 13 2 

5 3 

20 3 

4 . 5 



* Strategies: . 

CA - Counting All S - Subitize- ; 

CS. - Counting On From Smaller CL - Counting On From Larger 

F - Separate From AO - Adding On 

AG - Add On/Given Number DF - Count Down From 

DT - Count Down To < OG - Count Up From Given 

DR - Derived Fact #F : - Number Fact 

GU - Guess G# - Given Number 
OP - Wrong Operation ♦ 
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FREQUENCY OF USE OF APPROPRIATE STRATEGIES 
ON SIX PROBLEM TYPES 
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Frequency of Use of Appropriate Strategies 
On Six Problem Types 



^Problem Type 

Verbal Verbal Verbal Abstract Abstract Abstract 
(a+b- 1 (a-b« ) (a+ »c)' (a+b- ) (a-b= ) (a+ =c) 



Subject 
Number 

£J2d£_£ 



1 A 

1 4 


A 

4 


4 


A A 

2 4 


A 

4 


4 


*l a 

3 2 


* 2 


A- 

2 


4 4 


* A 

4 


A 

4 


C A 

5 4 


A 

4 


4 


6, 4 


A 

4 


2 


7 | 


0 


0 


8 3 


A 

4 


- a 


9 4 


A 

A. 


a 


10 4 


0 


0 


11. 4 


a 

I 


a 
3 


1^ 1 


u 


A 
0 


1 o ^ 
13 3 


4 


•0 


14 4 


4 


. 2 


15 4 


4 


3 


16 3 


3 


4 


17 . 4 


1 


3 


x 5 4 


4 


4 


1? 4 


3 


1 


20 4 


3 


2 


21 4 


4 


3 


22 4 


1 


0 


23 1 


4 


0 


24 4 


4 


4 


25 4 


3 . 


2 


26 0 


0 * 


0 


2*7 0 


0 


0 


28 4 


4 


4 


29 - 4 


r 


2 


30 4 


4 


3 


31 3 


3 


• 2 


>32 4 


4 


4 


33 3 


. o 


3 


34 3 


3 


1 


35 1 


1 


0 


36 4 


4 


4 



0 
4 



3 


4 


4 


* A 

4 


0 


U 


a 
3 


a 
3 


a 
3 


u 


a 
3 


4 


U 


u 


A 

4 . 


A 

2 


a 
2 


4 


0 


A 

0 


A 

4 




U 


U 


3 


0 


2 


1 


4 


4 


1 


. 3 


0 


2 


4 


3 


1 


0 


0 


1 


4 


4 


2 


0 


0 


0 


4 


"3 


4 


3 


0 


0 


1 


3 


4 


» 


2 


J 3 


4 


0 


4 


1 


4 


. 4- 


4 


2 


2 


o • 


0 


0 


4 


4 



287 



/ 



[274] 



Problem Type » - * 

Verbal Verbal Verbal Abstract Abstract -Abstract 
(a+b«__) (a-b=_) (a+_»c) (a+b=__) (a-b=_) (a+_=c) 



Subject 
Number 

37 
38 
39 
40 
41 
42 

43 . 
44 
45 
46 
47 
48 
49 
50 



i 

3 
3 
4 
1 
4 
1 
4 
0 
4 
2 
4 
4 



4 

0 



3 
0 
4 
4 
3 
1 
4 
0 
4 
0 
3 
2 
3 
2 



4 

0 



4 



3 
4 
1 

1. 

4 

0 

4 

0 

4 

1 

2 

-4- " 



3 

0, 

1 

4 

1 

0 

4 

0 

4 

0 

4 

0 

2 

3 



l 

2 

3 . 

4 

5 

6 

7 

8 

9 
10 
11 

12 ' 



ITS 

if* 

18 
19 
20 
21 

22 , 



4 
4 
4 

0 
2 
2 
3 
3 
4 
4 
2 
4 
4 
0 
2 

4 

3 
1 
4 
4 
4 
3 



4 

4 
4 

0 
1 

.0 

? 
4 

0 

4 

4 

4 

3 

0 

4. 

3 

3 

2 

4 

2 

4 

4 
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Problem Type 



Verbid Verbal 
(a+b4_) ,(a-b=_ 



Subject 
v Number 



Verbal^ Abstract Abstract Abstract 
(a+_^c) Ha+b=_^) (a-b*_) (a+_*c) 



23 




4 


24 




4 


25 




2 


26 




4 


27 


\ 


4 


28 


4 


Ay 




4 


o ft 

3U 


4 


31 




4 


1 o 

* 




ft 
U 


33 




4 


34 




4 


35 




4 


36 




4 


37 




4 


38 




4 


139 




2 


40 




3 


41 




3 


42 . 




1 


43 




4 


44 




0' 
2 


46 




4 


47 




4 


48 




3 


49 




3 


50 . 




4 


51 




3 


52 




4 


53 




4 


54 







3 
4 
4 
3 
4 
4 
3 
4 
4 
0 
4 
3 
3^ 
4 
4 
3 
0 
4 
4 
.4 
4 
2 
4 
4 
4 
3 
4 
4 
4 
4 
4 
4 



4 
4 

1 
4 
4 
4 

>3 
4 
*2 
0 
1 
2 
3 
2 
3 
4 
0 
2 
3 
0 
2 
1 
3 
4 
4 
2 
3 
4 
4 
4 
4 
4 



4 

3 



3 
3 
3 



2 
0 
3 



2 

3 

4 

3 

2 

3 

4 

3 

4 

3 

4* 

4 

4 

4 

3 

4 

2 

3 

4 

2 

0 

4 

2 

4 

4 

3 

4 

4 

4 

4 

4 

4 



3 
3 
1 
4 
4 
4 

0 , 

4 

4 

0 

2 

2 

4 

4 

3 

4 

0 

2 

4 

2 

1 

2 

4 

4 

4 

2 

2 

4 

3 

4 

4 

4 
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APPENDIX I 



FREQUENCY OF USE OF STRATEGIES 
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Frequency of Use of Strategies 
Strategy Abbreviations: 
CA -* Counting All 
S - Subitize 

CS - Counting On From Smaller Addend 
CL - Counting Oh From Larger Addend 
F - Separate From 
T - Separate To 
AO - Adding On 
AG - Add On/Given Number 
DF - Counting Down From 
DT - Counting Down To 
UG - Counting Up From Given 
DR - Derived Fact 
#F - Number Fact 
GU -Guess • * 

IF - Inappropriate Fact 
G# - Given Number 
OP - Wrong Operation 
MBS - Models Both Sets 
*fcu - All CuiJes Used 
^ - Uncodable 
No - No Attempt / ' 
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r Strategy • * 

Subject 

< w j &<h Il« o<S o o 

Grade K oco v v tu < < qq ^q^o-moos: 02 



\ 
V 



01 


1 


0 


3 


1 


1 


0 


0 


0 


4 


0 


7 


0 5 1 


0 


1 


0 


0 


0 


0 0 


02 


4 


0 


0 


2 


8 


0 


8 


0 


0 


0 


0 


0 2 0 


0 


0 


0 


0 
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